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1 Introduction 



Let p > denote a prime integer and K a complete discrete valuation field of characteristic 
and perfect residue field k of characteristic p. This article proposes a new point of view on the 
problem of comparison isomorphisms for algebraic varieties over K which allows the extension 
of the results to smooth p-adic formal schemes over the ring of integers of K. 
More precisely, we suppose throughout the introduction that K is absolutely unramified i. e., 
that the prime p is a uniformizer of K, denote by K a fixed algebraic closure of it with ring of 
integers Oj^ and by Acris and -Bcris the period rings defined by J.-M. Fontaine in [E] (see section 
§1.2l for a review of the construction). We set Gk '■= Gal{K / K). 

The "comparison isomorphism problem" was first alluded to by Grothendieck as the existence 
of a mysterious functor associating, for a given algebraic variety over K, the etale cohomology 
groups of the variety over K to the respective de Rham cohomology groups. This was precisely 
formulated by J.-M. Fontaine in |Fo] as the crystalline comparison conjecture. Let X be a 
smooth proper scheme over Ok- If R is an Oj^-algebra we denote by Xji the base change 
Xr = X xgpec(c'K) ^P6c(-R)- particular we'll denote by X the special fiber X^. of X. 

Conjecture 1.1 ( [Fo] ) . In the notations above for every i > there is a canonical and functorial 
isomorphism commuting with all the additional structures (namely filtrations, Gx^cictions and 
Frobenii) 

W{X§, Qp) 5eHs = HI^UX/Ok) ®Ok Bcris- 

The first case of the conjecture was proved by Fontaine himself in [Fo] for abelian schemes. 
There followed other proofs of the conjecture for abelian varieties and curves over K with good 
or semi-stable reduction in preprints of Fontaine- Messing (unpublished), |Cz] . |CC] . 
The first general result was proved by Bloch and Kato in |BK] for proper and smooth schemes 
with ordinary reduction. The next breakthrough was due to Fontaine and Messing in [FMj . 
They noticed that the ring Acris has a geometric interpretation as global sections of a certain 
sheaf on the crystalline site of X and thus the syntomic cohomology on X calculates the right 
hand side of the isomorphism in the conjecture 11.11 The fact that the syntomic cohomology can 
be related to the left hand side (i. e., to etale cohomology of Xj^) is more complicated and the 
conjecture was proved in [FM] under the assumption that 1 + 2dim(Xi^) < p. 
G. Faltings fully proved the conjecture in |F2] . in fact he proved more: one can drop the 
assumption that K is absolutely unramified and he allowed certain non-trivial coefficients, more 
precisely Qp-adic local systems L on Xk for which there exist "associated F-isocrystals" S on 
Xfc (see |F2j). Faltings's strategy was to define a new cohomology theory associated to X and to 
prove that it calculated both the left hand side (via the theory of almost etale extensions) and 
the right hand side of conjecture II. 1[ Let us be more precise: we suppose that X is geometrically 
connected and denote by 77 = Spec(K) a geometric generic point of X-f^. Let X, — > X be an etale 
hyper-covering of X by "small affine schemes over Ok" - If Xi = Spec(-Rj) {i is a multi-index) 
let Ri be the maximal normal extension of Ri in IK such that Ri [p~^] is the union of finite and 
etale extensions of -Rj [j9~^] . By S^jg(i?j) we denote the relative Fontaine ring Sens constructed 
using the pair {Ri, Ri) (in [F2] this ring is denoted Bcns{Ri))- If = 7ri(Xjj^, 77) consider 
the double complex K'*(L) := C"(A,,L^ (g) Bj^-^^{R,)), where C'{A,—) is the standard chain 
complex computing continuous group cohomology of A. The new cohomology with coefficients 
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in L defined by Faltings is the cohomology of tlie total complex K**{h) (or rather the limit of 
such over all hyper- coverings.) 

Faltings' cohomology theory seemes easier to handle than the syntomic cohomology but there are 
two inconveniences related to it. One is conceptual: the association U = Spec(i?) — >■ -B^jg(i?) 
is not a sheaf and no geometric interpretation of the above defined cohomology theory is given in 
terms of sheaf cohomology. The second inconvenience is that in order to prove the isomorphism 
of the new cohomology theory of L with the crystalline cohomology of the associated F-isocrystal 
tensored with Scris one had to prove that this new cohomology theory satisfied Poincare duality 
compatible with the known Poincare dualities on the two sides of 11.11 This complicates the 
proof of the crystalline comparison conjecture and limits the applications of these ideas to 
proper schemes, or complements of a normal crossing divisor in a proper scheme. 
To finish our history of "comparison isomorphisms" , K. Kato in |Ka] adapted the proof in |FM] to 
schemes over K with semi-stable reduction by the systematic use of log structures (using results 
in |HKj ) and proved the "semi-stable conjecture" for trivial coefficients and under the assumption 
that l-|-2dim(X7^) is less than p. Finally T. Tsuji was able to circumvent the technical difficulties 
related to syntomic and log syntomic cohomology and proved both the crystalline and semi-stable 
conjectures for trivial coefficients in [T]. Next, Faltings extended his results to open varieties 
over K with semi-stable reduction in |F3] and W. Niziol re-proved in [N] the crystalline and semi- 
stable conjectures for trivial coefficients using a new idea namely a comparison isomorphism in 
i^-theory. Recently Go Yamashita gave a new proof of the comparison isomorphism for open 
varieties over K with semi-stable reduction and trivial coefficients using syntomic methods (see 

The new point of view introduced in the present article is the systematic use of a topos which 
we call "Faltings's topos" associated to X and of certain new ( "ind-continuous" ) sheaves of 
rings B^jg and Bcris in it. Faltings's topos is the category of sheaves on a certain site which we 
denote X (for a more precise definition see the sections [TTT] and [2?T]) . Despite the suggestion of 
the notations, the sections of B^jg are not the rings -B^jg(-R) used by Faltings (for the precise 
relationship between the two see the next section.) If L is a Qp- local system on then L may 
be viewed sheaf on X and we have: 

a) H*(X, L I^CTis) is Faltings' cohomology associated to L as above. Thus the present 
theory gives a geometric interpretation of Faltings's construction. 

b) In this setting one may attach to L in a geometric way a sheaf on X with a connection 
and thus define crystalline local systems on X]^ and their associated F-isocrystals. 

c) We also provide a new idea of the proof of the comparison isomorphism. The main reason 
the comparison isomorphism in the algebraic setting over K fails to follow the classical pattern 
over the complex numbers is because the de Rham complex of sheaves of X 

^ i '■x/Ok ^ ^ ''X/Ok ^ ■ ■ ■ 
is not exact (i.e. there is no algebraic Poincare lemma). Let us just mention that even if we 
replace X (or Xk) by the rigid analytic variety X"^ associated to Xk its de Rham complex is 
still not exact. But if we now pass to the finer topology X and remark that the sheaf Bcris is a 
sheaf of O^-modules with a connection V such that B^jg is its sheaf of horizontal sections we 
have an exact sequence of sheaves on X: 

y B^ig V Bcris Kcris ®Ox ^X/Ca" "^cvis ®Ox ^X/Ok ' ' ' 
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In other words working on the site X and after tensoring with the sheaf of periods Bcris the de 
Rham complex of X becomes exact and a resolution of the sheaf B^jg. Now an acyclicity property 
of this resolution (for a more precise formulation see the next section) permits the calculation 
of the cohomology on X of the sheaf L (g) B^^^ as the hyper-cohomology of the de Rham complex 
on X of the associated F-isocrystal without any use of Poincare duality. Therefore these results 
extend to p-adic formal schemes. In the next sub-section we present a more precise description 
of the article. 

1.1 Description of the paper 

Let X denote either a smooth scheme over Ok or a smooth p-adic formal scheme over Ok with 
special fiber denoted X. If X is a scheme we denote its generic fiber by Xk and if X is a formal 
scheme we denote its rigid analytic generic fiber X"^, also by Xk- 

Let us define (in the algebraic setting) the category Ex^^ whose objects are pairs (U, W) where 
U — > X is an etale morphism, W — > U-j^ is a finite etale morphism and the morphisms between 
two pairs are pairs of morphisms satisfying natural compatibilities. G. Faltings defined in |F3j 
a certain topology on Ex-^^ but as recently noticed by A. Abbes a fundamental error occurred 
in that construction namely to put is as directly as possible, the topos defined in |F3j is not the 
category of sheaves on the topology he defines there (see section [271] for a counterexample.) A 
salvage was suggested in a letter of P. Deligne to L. Illusie in 1995 raising a series of questions 
related to section 3.4 in [I]. He pointed out that the correct definition of Faltings's topos should 
be as a certain "topos fleche". The general theory of these topoi was further developed by 
O. Gabber, L. Illusie, F. Orgogozo and was implemented in the case of interest to us by A. 
Abbes. We chose not to follow this direction and fix the problem in an equivalent way here (see 
also |Err] ) by defining a different pre-topology, which we call PTx-^ on the category -Ex-^. See 
section [2?T] for the precise statements and the definition in the formal context. 

There is a fundamental operation on sheaves and continuous sheaves of abelian groups on 
PTx-^ called localization and defined as follows. Suppose that J-" is a continuous sheaf on 
PTx-j^ (let us recall that such an object is a projective system {J-'n}n of p-power torsion sheaves 
on X) and let U = Spec{Ru) be an affine connected object of X*^* (by which we mean the etale 
site on X). We fix a geometric generic point rj = Spec(K) and denote by 

J^{Ru) ■= limJ'niRu) with J^n{,Ru) ■= lim J'„(W, Spec(S')), 

where in the inductive limit S runs over all -R^^^Oj^K-sub algebras of K which are finite and etale. 
Let us remark that J^{Ru) is a continuous representation of the fundamental group nf^iUKyr])- 
We have natural functors v : X''* — > X,u: X — > X^ defined (in the algebraic setting) as 
follows: v(U) = (U^U-j^) and respectively u{U,W) = W. The functors v* and allow us to 
view sheaves on X'^* and respectively on X^ as sheaves on X. The functor f ^, is left exact and 
its right derived functors are central to our theory. We have the following result proved in |AIj 
describing these functors in terms of localizations. 

Theorem 1.2 ( |AIj . theorem 6.12). Let be a continuous sheaf on X satisfying certain condi- 
tions (Assumptions 6.10 in Mi|/ ). Then for all i > 0, R^v^J-" are the sheaves associated to the 
pre-sheaves on X°* 
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This theorem reduces via the Leray spectral sequence the calculation of the sheaf coho- 
mology groups H*(j£, J-") to local calculations of fundamental group cohomology with values in 
localizations and sheaf cohomology on X"^^. 

We now pass to the description of the sheaves B^j^ and Bens announced at the beginning 
of this introduction. We call these "Fontaine sheaves" and prove that they enjoy the following 
properties. 

a) Both are ind-continuous sheaves of -Bcris-algebras on X such that for a "small" affine U = 
Spec{Ru) the localizations M^^^^^Ru) and Bcris(-Rw) are respectively isomorphic to the rings 
B^^^^(Ru) and B^,i^(Ru) defined in and [Bri]. 

b) B^jg is endowed with a filtration Fil'(B^;J by sub-sheaves and a Frobenius endomorphism. 

c) Bcris is a sheaf of Ox ®Ok -Bcris-algebras, is endowed with a filtration Fir(BCTis) by sub-sheaves, 
a Frobenius endomorphism and a quasi-nilpotent and integrable connection V such that 

i) V satisfies the Griffith transversality property. 

ii) B^jg is exactly the sub-sheaf of Bcris of horizontal sections for V. 

d) For i > 1 we have -R*f=i,Bcris = 0. 

We remark that property d) above is a deep result stating that the sheaf B^is is acyclic for the 
functor f*. It is a consequence of theorem 11.21 and the results in }ABj . As we now have Fontaine 



sheaves on j£ we can start developing a Fontaine theory with sheaves. To start let L denote a 
locally constant Qp-sheaf on which, let us recall, we view via base change and as a sheaf 
on PTx^. We define D^'°(L) := w,(L ® Bcris). It is a sheaf of Cx^ ®k 5cris-modules on 
endowed with a filtration, Frobenius endomorphism, quasi-nilpotent and integrable connection 
and a continuous G/^-action. Here Oxi^ denotes the sheaf on X. We set D^J;jg(L) : = 

Definition 1.3. We say that L is a crystalline sheaf on if 

• Dcris(I-') is a coherent sheaf of Cx^'^^odules on X^. 

• The natural morphism Deris (L) ®Ox ®cris — > L ®Qp Bcris is an isomorphism. 

The definition 11.31 is the sheaf theoretic analogue of the usual definition of crystalline rep- 
resentations in p-adic Hodge theory. We prove that it coincides with the notions of "locally 
crystalline representations" in the relative setting due to [Brij and with that of "associated 
sheaves" due to Faltings. If X is a formal scheme as at the beginning of this section and L is a 
crystalline sheaf on X^ then D^J;jg(L) is a filtered convergent F-isocrystal on X^ in the sense of 
and D^rTs(I-) = Wrd^®KBcris- We remark that in the recent preprint [TT] T. Tsuji devel- 
oped systematically a theory of crystalline etale local systems on schemes Xk in the case where 
X is the complement of a divisor with normal crossings in a proper formal scheme over Ok with 
semi-stable special fiber and such that the horizontal divisor has normal crossings also with the 
special fiber. The paper uses different methods and does not contain comparison isomorphisms. 
If X is a smooth formal scheme (and the horizontal divisor is trivial) our notion of a crystalline 
etale local system on Xk coincides with the one in [Tlj . 

We can now list the main result of this paper. 

Theorem 1.4. Suppose that X is a smooth p-adic formal scheme over Ok and let h be a 

crystalline sheaf on X^. For every i > we have a natural isomorphism of 6 -functors with 
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values in Bcns-Tnodules respecting the filtrations, Frobenii and the GK-actions 

H'(X, L ® MlJ = H^, JX, D^,Ts(L)). 

The theorem [13] has two main apphcations, one which is the comparison isomorphism for smooth 
proper schemes over Ok (theorem 11.51 below) and the other which is an apphcation to modular 
forms, more precisely an overconvergent Eichler-Shimura isomorphism (see |AIS] ). 

Theorem 1.5. Suppose that X is a smooth proper scheme over Ok and h is a crystalline 
sheaf on X'j^. For every i > we have a canonical isomorphism of 6 -functors with values in 
Bcris-TTT'Odules, which respects the filtrations, the Frobenii and the GK-actions 

The theorem 11.51 is a consequence of theorem 11.41 and of the following two results: 

• If X is a smooth, proper formal scheme over Ok then we have an isomorphism of filtered, 
Frobenius modules: H^,(X, D^^Ts(L)) = K,,(X,BlU'L)) (g)K B,,,,. 

and 

• The natural morphism of sheaves on X, L — > L ® B^jg induces for every i > canonical 
isomorphisms as -Bcris-modules respecting all the structure H*(X^, L) i^q^ -Bcris — H*(X, L 

CO- 

This last isomorphism which is also proved in |F3j as being one of the central and deep results 
of that paper is in our theory an elementary consequence of theorem 11.41 and of the criterion for 
"admisibility" of filtered, Frobenius modules in |CF] . 

Let us remark that in lemma 3.14 we prove that L is a crystalline sheaf on X|J if and only 
if L and D^J;jg(L) are associated in Faltings's sense. This and the fact that L ® B^jJ is 

naturally isomorphic to the i-th cohomology group defined by Faltings shows that the comparison 
isomorphism of theorem 11.51 is the same as the one defined by Faltings, and hence it is the same 
as all the other period maps defined in the literature. 

Finally, in a future work we are planning to show how to produce examples of crystalline sheaves 
and how to explicitly calculate their D^Jjg. More precisely let X and Y denote smooth p-adic 
formal schemes over Ok and suppose that / : X — > F is a smooth proper morphism which is 
algebrizable Zariski locally on Y. We believe that we would be able to prove: 

Theorem 1.6. Let us suppose that Wl is a crystalline sheaf on and for every i > let us 
denote by Lj := R*/et,*M. Then Lj is a crystalline sheaf on Y^ and we have an isomorphism 
D^J^ig Y(I-'i) — I^Vcris,*(D^ris,x(^) ® ^x/y) of 6-functors with values in the category of filtered 
convergent F-isocrystals on Yk- 

The reader will remark throughout the paper the presence of an auxiliary field M which is an 
extension of K contained in K and which indexes all the objects appearing: Xa/, A^j^ j^, Acris,M 
etc. If M is a finite extension of this allows us to prove the theorems above also for the 
base change of X to the ring of integers of M . Equivalently the above results are valid without 
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assuming that K is absolutely unramified but under the hypothesis that X (and the morphism 
f : X ^ Y in II. 6p is defined over W{k). Since the notations become more complicated and 
possibly obscure some of the simple ideas present in the proofs we have chosen to sketch these 
ideas in the introduction in the simplified assumption that K is unramified. 

We would also like to point out that the methods presented here seem suitable for pursuing 
further inquiries into this problem. Namely we have already worked out the comparison theorems 
for schemes and formal schemes over the ring of integers of a finite extension K of Qp (hence 
removing the "unramified-ness" assumption present in this paper) with semi-stable special fibers 
and hope to be able to report on these results soon. Moreover we think that for smooth schemes 
over Ok one may replace the locally constant Qp-sheaf L on by a constructible Qp-sheaf and 
obtain interesting comparison isomorphisms. We also believe that we should be able to derive 
integral comparison isomorphisms which would work better than the existing ones. 

Acknowledgements We thank Ahmed Abbes for pointing out the error in }F3j (see the section 
12.11) and for many helpful discussions and email exchanges on this subject and Luc Illusie for 
kindly providing us with copies of his correspondence with Deligne on Faltings' topology. We 
are grateful to the two referees for the careful reading of the paper and for pointing out some 
mistakes and suggesting ways to remedy them. Some of their remarks have been incorporated 
in the article (e.g. see remark 12.121 ) Finally, part of the work on this article was done while 
both authors were guests of L'Institut Henri Poincare, Paris during the Galois semester 2010. 
We thank this institution for its hospitality. 

1.2 Notations 

Let p > be a prime integer, Ok a complete discrete valuation ring with fraction field K and 
perfect residue field k. Fix an algebraic closure K C K, let k denote its residue field and Oj^ the 
normalization of Ok in K. Write Gk for the Galois group of K over K. Fix a field extension 
K G M G K. We write Mq C M for the maximal absolutely unramified subfield of M and Omq 
for its ring of integers. 

The following notations will be used throughout the paper (some of the objects denoted here 
will be defined in this very section and the rest in the next sections): 

• Rings: 

W^n := W„(0^/pO^), A+f := ^UOk), Anf := Ai,f(0^), A„is,n := Aris,n(0^), A^H.,n : = 

^cris,n(^"^)) Aris := ^cris(C';^) = ^crisi^K') J -^cris := -Bcris(C^x)- 

• Sheaves on Xm- 

W„,M := WniOx,,/pOxJ, W„ := W„^:^, A+,^^ := {W„,A/}n, Ai„f := {Wj„. 

We recall a few facts regarding the properties and (one of) the constructions of A^ris needed 
in the sequel. For details we refer to jFo| §1&§2]. Choose a compatible sequence of roots 
(p^/p"~')„,>i in Oj^ (compatible means that {p^/p")p = p^/P"~\ for all n > 1). For every n eN we 
have a ring homomorphism 9n '■ Wn := ^niPj^/pO^) — )■ O^/p^O^i^ given by (sq, . . . , s„_i) t-)- 
YI^Zq P^^^i where Sj G Oj^/p'^Oj^ is a lift of Sj for every i. Write (f for Frobenius on Wn- 
Denote by p„ := [p^/^""'] G W.^ the Teichmiiller lift of p^/P""' G O^/pOk- Let ^„ := p^-p G 
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then generates Ker(6'„). Denote by Acris.n the W(fc)-DP-envelope of Wn with respect to the 
ideal Ker(^„) (where W(/i;)-DP-envelope means that the divided powers are compatible with the 
standard divided powers on pW„(A;)). Note that Acris,n is naturally endowed with an action of Gk- 
Denote by Ker(0„)°P the PD-ideal on Aris,n- Note that = (p{Pn-p) = {p^ -p^) + {f-p)- 

Since — € Ker(6'„) and p admits divided powers in Acris.n, also (^{in) does. Thus Frobenius 
on Wn extends to an operator called Frobenius and denoted by v?, on Acns,n- 

Let TZiO-j^) := limOj^/pOj^ where the inverse limit is taken with respect to Frobenius. Put 

A+f := W(^(C;^)) = lim Wn where the latter inverse limit is taken with respect to the map 

Un+1 ■ Wn+i — > Wn defined by the natural projection composed with Frobenius. Remark that 
the maps 9n are compatible i. e., 9n = 9n+ioUn+i, that the sequence ^ := {^n}n is compatible i.e., 
'"n+i('Cn+i) = (,n for all u > 0, and that Ker(6') is generated by ^. Denote by Acris '■= lim Acris,n- 

oo<—n ' 

It is the p-adic completion of the W(/c)-DP-envelope of Aj^^ with respect to the ideal Ker(^). 
We then have 



m>0 



where Si = Y'^^i^,) and 7 is the application on the kernel of 9 on Acris given by 2; 1— )■ (p — l)!^^^]; 
cf. Ilnl Prop. 6.1.2]. Note that W„(^(07^)) = A+f/P^^^f since A+^ = W{n{0-i^)) and 
]Z{0-j^) = limO^/pOj^ is a perfect ring by construction. 

Lemma 1.7. The kernel of the ring homomorphism g„: W„(^(07^)) — > W n{0^ / pO-f^) in- 
duced by is the ideal generated by {[p\^" , V{[p\^"), V^dp]^"), . . . , l^"~"^([p]^")}. In particular 



Acns/pM„is = Wn [60, 5l, . . .] /{p6o - C^+i, - 5^) 



m>0 



via the map which sends Si h-> and induces on W„(^((9;f^)) the morphism qn'. W„(^((97^)) — ?■ 
Wn associated to g„. 

Proof. We prove the first claim. We have jP" = + pY" = C,^" mod p"'A^f and = 
pP^'-'sf = mod . The kernel of the projection g„ : ^(O;^) = lim O^/pO^^ -> O^/pOj^ 

on the n + 1-th factor of the limit is generated by p^". This proves the lemma for n = 1. The 
general case follows by induction on n using the exact sequence 

^ Wn-i{n{o-i^)) A w„(s(o^)) ^ Wi(s.(07r)) ^ 0. 

Now let us recall that [p]^" = in Acris /p^^cris and similarly, for every 0<'i<?T, — Iwe have 
^*([p]^") = P^[p\^" ' = in Acris /p^^cris- Then the second claim follows. □ 

In particular Acris/p"Acris is the W(fc)-DP envelope of Wn with respect to Cn+iWn = Ker(6'„o 
ip) . We then get a surjective map of DP algebras 



^cris,n 



n ■ A ■ In^ A ■ ^ A 

Hn • ^cris//^ ^cns 

sending ^^j^-^ and inducing Frobenius on Wn- We also have a map 

Un ■ Acris^n+l ^ Acris/ P Acris 
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sending and inducing the natural projection Wn+i — )■ Wn- 

We introduce the following ideal I C Acris- Let {CnjngN be a compatible system of primitive 
p"-th roots of unity: C2 7^ 1 and Cn+i = Cn- It defines an element e = (1, (2, (3, . . .) ^ '^{^'k)- 
Let [e] e be its Teichmiiller lift. Let I be the ideal generated by {^^""'([e:]) — l}„eN and the 
Teichmiiller lifts [x] of elements x = {xq, xi, . . .) G 1Z{0^) such that xq lies in the maximal ideal 
of Oj^/pOj^. It is proven in |Bril Lem. 6.3.1] that = I mod p^Acns- Since e{[e] - l) = 0, the 
element [e] — 1 admits divided powers. In A^ris we have the following important element 

00 

^:=log([5])=5^(n-l)!([.]-l)["l. 

n=l 

We have {p(t) = pt and for a G Gk, cr(t) = x{<^)t where x- Ok ^ '^p is the cyclotomic character 

defined by cr(Cn) = C"^'^'* fo^' every n G N. Put _Bcris := ^cris[lA]- Since t lies in Ker(6'), it admits 
divided powers in Acris so that = plt'^^^ and p is invertible in -Bcris- Then Bcris is a W(A;)-algebra, 
endowed with an action of Gk, a Frobenius operator (p and a separated and exhaustive filtration 
Fir Sens := lim„6N Fir+"Acris ■ t"" for every r G Z. 

2 Fontaine sheaves 

Let X denote a smooth scheme over Ok or a smooth p-adic formal scheme topologically of finite 
type, over Ok- In this section we introduce several sites describing their underlying categories 
and giving pre-topology structures i. e., for each object, we describe the covering families. The 
topologies underlying the sites will be the topologies generated by the given pre-topologies. See 
ISGAIVl §11.1] for details. 

2.1 Fallings' topos; the algebraic setting 

Let us first treat the case when X is a scheme of finite type over Ok- We denote by X*^* the 
small etale site on X and by the finite etale site of Xm- Then Sh(X'^*) and Sh(X^*) will 
denote the categories of sheaves of abelian groups on these sites, respectively. 

Definition 2.1. Let -Exm be the category defined as follows 

i) the objects consist of pairs (^g : U — > X, f : W — Um) such that g is an etale morphism 
of finite type and / is a finite etale morphism. We will usually denote by {U, W) this object to 
shorten notations; 

ii) a morphism {U',W') — )■ {U,W) in Ex^ consists of a pair where a: U' — v U is 
a morphism over X and /3: W — )■ W a. morphism commuting with a ®Ok 

Let us remark that the pair (X, Xm) is a final object of -Exm- Moreover, finite projective 
limits are representable in Ex^., and, in particular, fibre products exist: the fibre product of the 
objects (f/', W) and (f/", W") over (f/, W) is {U' Xu U", W Xw W"). See 



9 



Faltings defined in |F3l p. 214] a pre-topology on Ex^ by defining a family of morphisms 
{{Ui,Wi) — )■ {U,W)}i(=i to be a covering family if {Ui — )■ f/}je/ is a covering in X'^* and 
{Wi — )■ is a covering family in X^'}*. He then defined the presheaf Ox on -Exm tiy 

OxiU, W) := the normalization of T{U, Ou) in r(iy, Ow) 

and stated that this was a sheaf. However, this is not true in general due to point b) of the 
following example. Moreover point c) below shows that even if one sheafified the presheaf Ox 
on Faltings' site the theory of "localizations" of sheaves, as developed later in this paper, would 
not work. It should be noticed, though, that even if the definition of the topology is not correct, 
the topos of sheaves described by Faltings coincides with the one defined in this paper. 

Example 2.2. Assume that M = K. Let p > 2 be a prime and let us denote by A : = 
Zp[X,j^^-^] and B := Zp[X,Y, j^^-^]/ {Y^ - - p). For i = 1,2 we define Bi := 

-B ^ ^ — lyX"^ (ienote the composition of the natural Zp-algebra morphisms A — > 

B B,. We denote U := Spec{A), V := Spec{B), Ui := Spec{Bi) and W = Wi := SpeciBj^). 
Fix i E {1,2}, then we have 

a) The pairs {U,W) and {Ui,Wi) are objects of Eu— and if we denote by Fi : {U,W) — > 
{Ui, Wi) the morphism induced by the pair {fi. Id), then this morphism is a coverings in Faltings' 
sense. 

b ) For the covering above the presheaf Ox does not satisfy the sheaf property. 

c) Let us denote by T the sheaf associated to Ox on the topology defined by Faltings and by 
Q the sheaf T jpT . Then the natural map: OxiJJ -.W) jpOxiJJ -.W) — )■ Q{IJ,W) is the zero map. 

Proof, a) Let us observe that 

B := B/pB = ¥p[X, 1/X]/{{X + Y){X - Y)) = ¥p[X, 1/X] x ¥p[X, 1/X], 

and we let V := Spec(i?) = V"i ]J V"2 where we have denoted by Vi = Spec (Fp[X, 1/X]) for 
i = 1,2 the components of V. 

Then let us remark that Ui = V — Vi. As V — > U is etale and surjective it follows that the 
morphisms induced by fi, U — > U are etale and surjective. Moreover the natural Zp-algebra 
morphisms B — > Bi for i = 1,2 induce isomorphisms as i^- algebras Bj^ = B^j^ = -827?- Now 
a) follows. 

b) We fix i G {1, 2} as in the statement and we have the following commutative diagram 
Ox{U,W) ^ Ox{U,W^) ^ Ox{U,XuU„W^XwW,) 

The vertical arrows in the diagram are inclusions therefore they are injective. Moreover 7 is 
defined by: 7(6) :=b^l — l^b = for all b E B^j^ in view of the remarks above, therefore 
7 = which implies that gi = 0. If Ox were a sheaf then the top sequence would be exact, i.e. 
hi would be an isomorphism. Thus all elements of Bi C Ox{Ui, Wi) would be integral over A. In 
particular as Bi is a finitely generated A-algebra, Bi would be finite over A. Since U = Spec(74) 
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is connected the degree of Bi as an A-module would be constant. But A/pA — y Bi/pBi is an 
isomorphism while B-^ is a free Aj^- module of rank 2. Therefore Ox is not a sheaf. 

c) As J-" is a sheaf, for each i = 1, 2 we have a commutative diagram with the bottom row 
exact 

Ox{U,W) A Ox{U„W,) ^ Ox{U,XuU„W,XwW,) 

■\- -I' 4' 

^ J'iU^W) ^ T{Ui,Wi) ^ 7{UiXuUuWiXwWi) 

The arguments at b) above show that the map (^j = therefore the image of the natural 
map Ox{Ui,Wi) — )■ J^(Ui,Wi) is contained in the image of ui. More precisely the natural 
map: ip : OxiU.W) — )■ J^{U^W) has the property that (p = Wi o hi ior i = 1,2, where 
Wi : Ox{Ui, Wi) — > J^{U, W) is the map defined by the above diagram. 

We remark that Ox{U, W) = B as B is integral over A and being smooth it is normal, 
similarly Ox{Ui,Wi) = Bi, for i = 1,2. Moreover we have hi = fi for i = 1,2. As J-" is the 
sheaf associated to the presheaf Ox the natural map Ox{U, W)/pOx{U, W) — )■ Q{U, W) is the 
composition Ox{U, W)/pOx{U, W) — ^ J^{U, W)/pJ^{U, W) — > G{U, W). But the map 

Tp : OxiU, W)/pOx{U, W)^B = BixB2 — > T{U, W)/pJ^{U, W) 

induced by ip has the property that it factors through /j, for z = 1, 2 and : B — y Bi is the 
natural projection on the i — th factor. We deduce that ^ = 0. □ 



Faltings' site PTx^- Let X be a scheme of finite type over Ok and let M be an algebraic 
extension of K. We denote by -Exm category defined in definition 12.11 

Definition 2.3. Let{(f/j, Wi) — )■ {U, W)}i(zj be a family of morphisms in -Exm- say that it 
is of type a respectively /3 if: 

a) {Ui — > U}i^i is a covering in X^^ and Wi = W Xjj Ui for every i & I. Here the morphism 
W — > U used in the fibre product is the composition W — > U m — > U. 

or 

(3)U,^U for alH e / and {Wi W} i(zi is a covering in X^^. 

We endow Ex^ with the topology T^Xm generated by the families of type a and (3 described 
in definition 12.31 and denote by Xm the associated site. We call T^Xm Faltings' topology and Xm 
Faltings' site associated to (X, M). Note that T^Xm can be described differently as follows. 

Definition 2.4. A family {{Uij, Wij) — > {U, W)}i^jj^j of morphisms in -E^m called a strict 
covering family if 

a) For each i & I there exists an etale morphism Ui — > X such that we have isomorphisms 
Ui = Uij over X for every j & J . 

b) {Ui — J- U}i(zi is a covering in X^^. 

c) For every z G / the family {Wij — )■ W Xjj Ui}j(zj is a covering in Xff . 

To simplify notations we will henceforth denote a strict covering family {{Uij, Wij) — > 
iU,W)}i^j,,^j by {iU,,Wij) iU,W)}i^j,,^j. 
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Remark 2.5. The families of type a and /3 in definition 12.31 are examples of strict coverings. 
Conversely a strict covering family {iJJi, Wij) — )■ {U, W^)}ie/,iGJ can be obtained as a composite 
of the covering {{Ui,Wx^,Ui) — )■ {U,W)}i^jj<^j, which is of type a) and for every i E I 
the covering {{Ui,Wij) — > {Ui,W Xjj Ui)}j^j, which is of type /3). In particular the topology 
generated by the strict coverings coincides with Txm- 

Remark 2.6. The morphisms (f/j, Wi) — > {U, W), for i = 1, 2 in example 12.21 are not coverings 
in the sense of 12.31 In fact, it follows from 12. 11] and [2^2] Faltings' topology associated to {X,K) 
is coarser than the one originally introduced by Faltings. 

Remark 2.7. The category Ex^j with the strict covering families do not form a pre-topology. 
Indeed, since finite projective limits exist in -Exm strict covering families satisfy PTO, PTl 
and PT3 of [SGAIVl Def II 1.3] but contrary to what was written in [Alj and as was pointed 
out to us by A. Abbes, they do not satisfy PT2. However, one may define tautologically the 
generated pre-topology PTxm by considering as covering families the composite of finitely many 
strict coverings (or of finitely many families of type a) and /3) of definition 12. 3p . The associated 
topology is Txm- 

Remark 2.8. It follows from |SGAIVt Cor. II 2.3] or by a direct check using the definitions 
that a pre-sheaf on -Exm is a sheaf if and only if it satisfies the usual exactness property for the 
strict covering families. 

The next lemma and |SGAIV[ Remark II 3.3] show that it is enough to use strict covering 
families in order to sheafify a presheaf on -Ex a/ , as done in |AIj . 

Lemma 2.9. Let {U,W) be an object of Ex^- Then the strict covering families are cofinal in 
the collection of all covering families of {U, W) in PTxm ■ 

Proof. See [Err]. □ 

Definition 2.10. We define the pre-sheaf of 0M-algebras on Exj,i, denoted Ot^f t)y 

OxmIU, W) := the normalization of r{U, Ou) in r{W, Ow)- 

We also define the sub pre-sheaf of CA/o-algebras C^"^ of O^^ whose sections over ([/, W) G -Exm 
consist of elements x G Ox^iU, W) for which there exist a finite unramified extension K G L, a 
finite etale morphism U' U ®Ok and a morphism W — )• U'j^ ®l M over Um such that x, 
viewed in r(Vr, Ow), lies in the image of r(f/', Ow). 

We have 

Proposition 2.11. The pre-sheaves Oxm ^'^^ sheaves. 

Proof. We first prove that Oxm is a sheaf. Let {{Ua^Wa^i) — )■ {U,W)}a,i be a strict covering 
family. We set Ua(i '■= UaXuUi3 and Wa/3ij '■= Wa,i Xw^i^j- We have the following commutative 
diagram 

T{W,Ow) Uo.,nWa,,Ow^^J Uia,UM^{W.p^,,0^p,,) 
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Since the {Ua — > U}a is a covering in X''* and for every a, {Wa,i — >■ W Xu Ua}i is a covering 
in {W Xu Ua^M) it follows that {Wa,i — > is a covering in X^^. In particular the bottom 

row of the above diagram is exact. Moreover the vertical maps are all inclusions therefore 
/ is injective, i.e. O^m is a separable pre-sheaf. Let x G Ker(5f). Then x e V{W,Ow) H 
JJ^ C'xaj([/q,, l^Q^j). We are left to prove that x is integral over T{U,Ou)- Without loss of 

generahty we may assume that W is connected and that Ua = Spec(y4Q,) is afiine for every a. 
Note that there exists a finite extension K (Z L in M and a finite and etale morphism W — Ul 
so that its base change via L ^ M \s W Um and x G V{W' , Oy/')- Let us denote by Xa the 
image of x in V{W' Xu Ua, Ow'xuUc)- Because the family {Wa,i — > W Xu Ua}i is a covering 
family in (W Xu Ua,M)^'^^ and the image Xa,i of Xa in T{Wa,i-, Owc,,i) is in fact in Ox^iiUa, Wa,i), 
hence integral over Aa, it follows that Xa is integral over Aa- Let G be the 

(monic) characteristic polynomial of Xa over Aa with respect to the finite and etale extension 
W XuUa — )■ Ua,K (sec remark I2TT2] below.) Then Pa{X)\u^p = P/3(X)|;7^^ for all a and (3 
and, therefore, there is a monic polynomial P{X) G r{U,Ou) such that P{X)\u^ = Pa{X). As 
Pi^)\ua = Pa{xa) = for every a it follows that P{x) = 0, i.e. that x is integral over T{U, Ou)- 
Since O^"^^ C O^m by construction, it follows that O^"^ is a separated pre-sheaf. Using 
the previous notations, it suffices to show that given W connected and [/q's affine and given 
^ e n.,a Oll^iUa, whose image in n,,„ 0^,,{Ua, Wa,^) lies in Kei{g), then x G O^-^/f/, W^). 

As before for every a let Xa be the image of x in r(iyQ,, Owa)- By replacing the [/q's by a finite 
subcover, we may assume that we have only finitely many a's. By definition there is a finite 
unramified extension K G L' such that each Xa is defined over a finite and etale cover of 
Ua ®Ok ^l'- Possibly after enlarging L, we may assume that L' C L. Let (resp. Z'^) be 
the spectrum of the normalization of the sub-algebra Aa ®Ok L[^a\ (resp. Aa ®Ok ^L'[xa\) in 
T{W Xjj Ua-,OwxuUc) ■ By construction Z'^ is finite and etale over U ®Ok and we have 
morphisms W'^ Z'^j^ L over Ua,L- Moreover, Xa G T(W^,Ow^) is in the image of 
T(^Z'^,Oz'J- Note that Xu^ Uap = W'^ Xu^ Uap so that the various W'^ glue to a finite 
and etale morphism W Ul and there is a morphism W — )■ W as schemes over Ul such 
that X G r(iy, Ow')- Moreover, also the various Z'^ glue to a scheme Z' finite and etale over 
U ®Ok ^l' and we have a morphism W — )■ Z' ®o^i L. Then x is in the image of V (Z', O^') and 
we conclude that x G O^^^iU, W) as claimed. □ 

The following argument was offered by the referee of the paper. 

Remark 2.12. Let A be a noetherian normal domain and let B be the integral closure of A in 
a finite etale extension of 74[l/p]. Let x G B\i/p\ be an element and let Q{X) G y4[l/p][X] be 
the characteristic polynomial of x (it exists as is a finitely generated projective 

module.) Then a; G i? if and only if Q{X) G A[X]. 

Proof. The sufficiency is clear and to prove necessity, as A is a noetherian normal domain, it is 
enough to prove that Q{X) G v4p, for all p prime ideal of height 1 of A which contains p. Hence 
we may assume that A is a DVR and in this case i? is a free A- module of finite rank and Q{X) 
is the characteristic polynomial of the matrix associated to the endomorphism B — > B;b xb 
with respect to a basis of B over A. Therefore Q{X) G ^[X]. □ 
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2.2 Fallings' topos; the formal setting 

Let now X denote a formal scheme. Denote by X'^^ the etale site on X and by Sh(X'^*) the 
category of sheaves of abehan groups on X^^. Of particular importance will be the so called 
small affine opens of X^^. These are objects U such that U = Spf(i?w) is affine and connected 
and there are parameters Ti, T2, . . . , G such that the map _Ro := C>k{T^^, . . . , Tj*^^} C Ru 
is formally etale. 

The site XM,et- For every finite extension K C L in M let X^^et be the site of etale and 
quasi-compact morphisms W — )■ Xl of L-rigid analytic spaces. Here Xk denotes the i^-rigid 
analytic space associated to X and X^ is its base change to L. We refer to |dJvdPl §3.1&3.2] 
for generalities about etale morphisms of rigid analytic spaces. Given extensions L (Z L' oi K 
contained in M the base change from L to L' provides a morphism of sites X^^et — ^ -^L',et- We 
then get a fibred site X^^^t over the category of finite extensions of K contained in M in the 
sense of |SGAIV[ §VI. 7.2.1]. We let Xjv/,et be the site defined by the projective limit of the fibred 
site X,,et; see [SGAIVI Def. VI.8.2.5]. 

We can give the following explicit description. The objects in Xjv/,et consist of pairs (W, L) 
where L is a finite extension of K contained in M and W — )■ X®kL is an etale and quasi-compact 
map of L-rigid analytic spaces. Given (W, L) and (>V',-L') define HomxAj<,t ((^'; -^O? -^)) 
as the direct limit lim Hom^// (W' ®l' L" , W ®l L") over all finite extensions L" C M, containing 

both L and L', of the morphism W ®l' L" — t- W ®l L" as rigid analytic spaces over X ®l L" . 
The coverings of a pair (W, V) in Xju.et are finite families of pairs {(Wq,, over (W, V) such 

that L (Z La for every a and there exists a finite extension of K, contained in M and containing 
Lq for every a such that the induced map IIq Wq, ® L' ^ W ® l L' surjective. 

The site Umm- Let W — i- X be an etale map topologically of finite type of p-adic formal schemes. 
Define W*'^*^* to be the following site fibred over the category of finite extensions K G L contained 
in M. For very such L write U^^^*^^ to be the category of finite etale covers W — as L-rigid 
analytic spaces. Given extensions L ^ L' we consider the base change map 
Define WM,fet as the projective limit site. For notational purposes we write (W, L), or simply W, 
for an object of Umm- -'■^ ^^^^ notation we implicitly assume that W G U^'^^^. We refer to 
|AIt §4.1] for an explicit description. Note that the fiber product of two pairs over a given one 
exists in Umm and, if those are defined in for some L, it coincides with the image of the 
fibre product in UL^iet- 

Let U2 — )■ Wi be a map of formal schemes over X. Assume that they are etale over X. We 
then have a functor Wi,*,fet i^2,*M of sites fibred over the category of finite extensions K C L 
contained in M. We let 

be the induced morphisms of projective limits. It is given on objects by 

The category Ex^ (^''^d Faltings' topology Txm- Define Ex^ to be the category of pairs (U,W) 
where W — )■ X is an etale map of formal schemes and W is an object of WM,fet- A morphism of 
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pairs (W, W) —7- {U, W) is defined to be a morphism W ^ U a.s formal schemes over X and a 
map W ^Wxu^U'k in U^^^^^,. 

We define strict covering families exactly as in definition 12.41 and Faltings' topology Txj,^ to 
be the topology generated by the strict covering families. We call the associated site the locally 
Galois site attached to the data (X, M) and denote it by Xm- 

We define the pre-sheaves definition 12.101 The analogue of 

proposition 12.111 holds in our formal context i.e., Ox^ ci-nd are sheaves. 

2.3 Continuous functors. Localization functors 

We define: 

La if X is a scheme over Ok, we have ux,m- Xm — > XM,ct with ux,m{U, W) := W; 

Lb if X is a p-adic formal scheme over Ok, let ux,m- Xm — > XM,et be ux,m{^, (yV,L)) : = 

II. a if X is a scheme of finite type over Ok, let vx,m- Xet — >■ Xm be given by vx,m{U) : = 
{U,Um); 

II. b if X is a formal scheme locally topologically of finite type over Ok, we have vx,m '■ ^et — > 
Xm given by vx,m{^) '■= (J^Mk); 
Let K C Ml C M2 cl{ be field extensions. Define 

III (3muM2- Xm2 by /3muM2{U,W) = {U,W ^m^ Mi) (resp. /3mi,M2(W, >V) equal to 

(U,W) viewed in XM2) in the algebraic (resp. formal) setting. 

It is clear that the above functors send covering families to covering families and commute with 
fiber products. In particular they define continuous functors of sites by |SGAIV[ Prop. III. 1.6]. 
They also send final objects to final objects so that they induce morphisms of the associated 
topoi of sheaves. 

Following |Err] we define a geometric point of X to be a pair [x, y) where a; is a geometric 
point of X and y is a geometric point of Xk specializing to x i.e., a geometric point of the 
henselization of X at x. In loc. cit., we define the stalk J^(x,y) of a sheaf J-" on X to be the direct 
limit lim J^(f/, W) over all pairs ((?7, x'), (W, y')) where x' is a point of U mapping to x and y' is 
a point of W specializing to x' and mapping to y. We proved in loc. cit. that there are enough 
geometric point in X i.e., that a sequence of sheaves is exact if an only if the induced sequence 
on stalks is exact for all geometric points. 

Lemma 2.13. Both in the algebraic and in the formal setting we have an isomorphism of sheaves 
Vx,m{Ox) = or,, on Xm. 

Proof Let Q be the pre-sheaf on X defined by Q{U, W) := T{U, Ou) liW ^ (j) and Q(f/, 0) = 0. 
It is a separated pre-sheaL Note that ii W ^ (p, {U, Uk) is the initial object in the category 
of all pairs {U' ,W') admitting a morphism {U,W) — )■ {V ^W) in X. Thus, v*x m {Ox) is the 
sheaf on X associated to the pre-sheaf Q. Note also that we have a natural map Q — )■ O^ . Let 
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a G (9;^"^(f/, W) and view it in T{W, Ow)- By definition there exists a finite extension K G L m 
M and a finite and etale morphism U' — )■ U ®Ok so that we have a map W — f/j^ ®l M 
over [/m and a is in the image of V{U',Oui) in V{W,Ow)- Note that U' is a direct factor of 
U' ®Ok so that a is in the image of Q{U', W) in T{W, Ow) as wanted. This proves that the 
natural morphism Q — > ^xlf surjective. To prove injectivity let [U, W) be such that U is 
connected and W ^ (p. Since the composition 

QiU, W) OTJU, W) C T{W, Ow) 

is injective we deduce that the first map is injective. It follows that the induced morphism from 
the sheaf associated to Q to O^ is injective. □ 



The localization functors. For this section we suppose that X is either a smooth scheme 
or a smooth formal scheme over Ok- Let W be a connected affine open in the etale site of X 
with underlying algebra Ru- Write Ru ®Ok ^ •= IliLi -^z^>« with Spec(i?z^,i) connected. Fix a 
geometric generic point ri^ = Spec{Cu^i) of Spec (i^^^.i) and denote by Ru^i the union of all finite 
normal Ru sub-algebras of Cu^i, which are finite and etale over R^ i after inverting p. We let 
GuM,i be the Galois group of Ru,i C Ru,i ®Ok ^- Eventually, let Ru '■= YYi=i Ru,i and let 

n 

i=l 

Let Rep(^t^^J (resp. Rep(^z^j,^)^) be the category of discrete abelian groups (resp. the category 
of inverse systems of finite abelian groups indexed by N) with continuous action of Qum- We 
have natural functors, which we'll call localization functors 

Sh(XA/) — ^Rep(^w^,) and Sh(XA./)^ — ^ Rep(^2^j,,)^ 

defined as follows (we only define the functor in the case X is a scheme over Ok as above and 
leave it to the reader to fill in the details for the other cases): if ^ G Sh^X^) is a sheaf of 
abelian groups, its localization is G[Ru) '■= ®7=iG{Ru,i) where Q{Ru,i) '■= lim^(W, Spec(S')), 

for S running over all Ru,i sub-algebras of Ru,i®OK^ which are finite and etale. It is a set with 
the discrete topology and it is endowed with a continuous action of Qum- The objects (W, W) 
of Xm, with W = Spec(S') and Ru,i S C Ru,i®OK-^ ^ correspond to finite index sub-groups 
Gyv C GuM,i- -^o^ such, we can recover Q(U,yV) from the localization of Q by the formula 
Q(U,yV) = Q{Ru,i) ^- This allows to recover Q(U,W) for every W — )■ Um finite and etale 
(see Lemma 4.5.3]). 

Lemma 2.14. Let Q be a sheaf on Xmi- Let Mi C M2 be a Galois field extension. Then 
i. the sheaf (3\j^ ;^.j^{Q) coincides with the pre-sheaf (3^^^ j^,f^{Q) ; 

a. for every object (W, W) of Xmi the group (3mi,M2,* {(^MiM2i^)) (^5^) endowed with an 
action o/Gal(M2/Mi) andg{l(,W) = {(^m^m^,* (/3k,M.(6^)) {U,W)f^'^'''^'''\ 
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Hi. takeU = Spf{Ru) to he a connected affine open in the etale site of X. Then 



Proof. We prove the statements in the formal case, leaving the algebraic case to the reader. 

(i) Given an object (W, W) of 5 the group /^Mi M2(^)(^' ^) where the 
direct limit is taken over all objects (U, W) G Xmi and all morphisms from (U, W) to {U, W") 
in Xm2- Note that W is finite and etale over Ul for some finite extension K G L contained 
in M2. In particular it is a finite and etale over 1/(l> for L' := Mi fl L. Thus the direct limit 
admits as final object the group Q(U,W) with (W, W) viewed as an object of Xmi- The first 
claim follows; see also \A1[ Pf. Prop. 4.4.2(4)]. 

(ii) Take an object (W, W) of 3Cmi- Assume that W is finite and etale over Ul with L C 
Ml. Then /3mi,M2,* {Pli.Mii^)) coincides with the direct limit g{U,WL') over all finite 
extensions L G L' G M2 where Wl' is considered as an etale covering of Ul" for L" := L' (1 Mi. 
The Galois group Gal(M2/Mi) acts on this set and the invariants under Gal(L'Mi/Mi) are 
exactly Q{U,W). The claim follows. 

(iii) It follows from (ii) and the fact that Ru[p'^]®AhM2 = Ru[p~^]^^^''-^^'l □ 



2.4 The sheaf A+f j^. 

Let us recall the following definitions from §5 of |AIj . Denote by 0Xjif the inverse system of 
sheaves of C>Af-algebras {Ox,, /p'^Ox.X ^ ^H^m^- 

For every s € N define Ws^m ■= ^ s{Oxm Ip^Xm)', if is the sheaf [Oxm/pOxmY with ring 
operations defined by Witt polynomials and the transition maps in the inverse system defined by 
Frobenius. Let A^^f in Sh(XA/)^ be the inverse system of sheaves of W(/c)-algebras {W„,m}„ 
where the transition maps are defined as the composite of the natural projection Wn+i,A/ — ^ 
W„,M and Frobenius on W„,m- Note that Aj^j is endowed with a Frobenius operator, denoted 
by if, and is a sheaf of ^algebras. 

If Ml G M2 is a field extension, it follows from 12.141 that we have a natural isomorphism 
/^Mi,M2 (^-^Mi) — Oxm2- particular we have a natural map 

/5m„A.2 (W.,Af J W.,M2 

which is an isomorphism since is exact. In particular we have natural isomorphisms of 

inverse systems of sheaves f3lj^^M2 {^^c,,^) - ^^m^ f^lhAh {Kni,Mi) - KniM2- 

Proposition 2.15. Let U be a small affine object of the site X^^ ; see ^2.2\ for the definition. 
Then the natural maps 

a) % — > hm (Ox^Jp^'OxJ (Ru) =: dx,ARu), 

ca-<r~n 

b) At^,(Ru) lim W„,m(^w) =: KmuiRu)- 

oo<— n ' 

are isomorphisms. 
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We'll only prove the result in the formal case and leave it to the reader to repeat the arguments 
in the algebraic case. First of all we prove 

Lemma 2.16. For every n E N the pre-sheaf O^m Iv^^Xm ^■^ separated i. e., if (W, W) — ?■ 
{U, W) is a covering, the natural map 

is injective. 

Proof. The lemma is a direct consequence of [A] Miscellany (1.8), (iv) or in this particular case 
one may reason as follows. We write 03e^^(W,>V) = UiSi (resp. Oxj^jipC ,yV') = ^jS'j) as the 
union of normal and finite i^^^-algebras (resp. i?z^'-algebras), etale after inverting p such that 
for every i there exists ji so that Si is contained in Sj^ and the map Spec(S'j-.) — )■ Spec(S'j) is 
surjective on prime ideals containing p. Let x E Si Hp^'Sj.. Let P C be a prime ideal over p 
and let V C S'j. be a height one prime ideal over it. Then x G Si^p Hp^'Sj, p,. Hence x e p^Si^-p. 
Thus X lies in the intersection of all height one prime ideals of Si so that x E Si. We conclude 
that the map Si/p'^Si — )■ Sj./p"'Sj. is injective. The claim follows. □ 

The lemma implies that we have an injective map 

Ru/p'^Ru = OxjRu)/p''OxjRu) {Ox,Jp''Ox,,)(Ru). 
The proposition follows then from the following 

Lemma 2.17. 1) The cokernel of Ru/p^Ru — ^ [O^m IP^^Xhi){Ru) is annihilated by the max- 
imal ideal of Oj^. 

2) The image of the map {Ox,Jp''^^Ox,,){Ru) ^ {Ox,,/p''Ox^,){Ru) factors via 

Ru/p^'RuC {Ox,Jp^Ox^){Ru). 

3) The image of Frobenius on {Ox^ /pOxm){Ru) factors via Ru/pRu C {Oxm/pOxm){Ru)- 

Proof. It follows from [2?T6] that the value of the sheaf Oxm Ip^^Xm on (^; VV) is given by 
the direct limit, over all coverings (W, W) of {U, W) with W affine, of the elements h in 
OxAU',W)Ip^OxAU',W') such that the image of h in Ox^{U" ,W") /p^Ox^{U\W") is 0, 
where (W", W") is the fiber product of (W, W) with itself over (W, W). Hence 

=hmKer5,T,n 

where the notation is as follows. The direct limit is taken over all normal Ru,oo sub-algebras S 
of Ru, finite and etale after inverting p over Ru,oo\\Ip\, all affine covers W and all normal 
extensions Rw ,qo®RuS — )■ T, finite, etale and Galois after inverting p. Eventually, we put 
U" := Spf(i?iy//) to be the fiber product of W with itself over U i. e.. Run ■= Rw ®Ru Rw- 
We let ¥^eis,T,n '■= Ker iT/p^T =^ T ®s T /p^T ®s ^)) where T ®5 T is the normalization of 
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T T. Write Ts for the normalization of T ^(r,„ 5) T. We have a natural morphism 

T (8)5 T — > Ts of Ru' oo^algebras. Let 



Ker'5_^_„ := Ker (t/p"T ^ Ts/p'^Ts) 



Then 

C limKer'^,^,,. 



Study of Ker'grp,^. For every S" and T as above, write Gs,t for the Galois group of T®Oj^K 
over ^ Rw, 00 ^- Then T5 is simply the product HgGGsT Hence we have 



Ker' = Ker T/p"T ^ W \ = {T/p^Tf- 




where the two maps in the display are a i— t- (a, ■ ■ ■ , a) and a 1— )■ ((7(a)) ^^^^ . 

Study of Coker{S/p"'S — > Kers,T,n)- For the rest of this proof we make the following 
notations: if S is a normal -R^Y.oo-algebra we denote by B' := B ^ Ru',00 = B Rki, also 
B" := B' ®Rjji ^ Ru",oo = B' ®Rjji Ru" (the second equalities above follow from \Kl\ Lemma 
6.19]). Note that B' and B" are normal. Indeed, B = UBi is the union of finite and normal 
i?j^/-algebras i?,. Since Rw is an excellent ring by |Va] . it follows from |EGAIVt §7.8.3(ii)] that 
each Bi is excellent. Thanks to |EGAIV( §7.8. 3(v)] we conclude that Bi®R^^Ryi is normal since 
it is the p-adic completion of an etale Sj-algebra of finite type. Thus, B' := B^r^^Rw is normal 
as well. Similarly one shows that B" is normal. 

We then get a commutative diagram 

^ s/p"S — > s'/p^s' ^ 5'7p"5" 

i i" i/9 

^ KeTs,T,n T/p^'T ^ f®^T/p''f^T 

I II i 

^ Ker'5^^^„ T/p^T ^ Ts/p^Ts. 

The top row is exact by etale descent and the middle and bottom rows are exact by construction. 
Since S' G T and 5"' C T" are finite extensions of normal rings, the maps a and /3 are injective. 
Let us remark that the image of S' /p^S' in Tg/p^Ts = T ®s' T /p^T ®s' T is 0, therefore the 
image of a factors via Ker'^j.^ = (T/p^-T)^^'^ . 

Define Z as Coker(^7p"'^' ^ {T/p^T)^^'-^) C Coker(a) and Y as Coker(^/p"^ — > Ker^^T.n). 
Since 'Keis,T,n is Gs,r-invariant, the image of Y in Coker(a) is contained in Z. Since a and (3 
are injective, the map F — t- Z is injective. Consider the exact sequence 

— y S'/p^'S' = T^s,T ^pnrpGs,T — y [T/p'^T]^'-^ — > }1\Gs,t,T). 

Then Y C Z C iV- (^Gs,t,T) . Since Rw, 00 T is almost etale, the group [Gs,t,T) is 
annihilated by any element of the maximal ideal of Oj^; see |Flt Thm. I.2.4(ii)]. This implies 
the first claim of lemma 12.171 
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Study of the projection Ker'gj,^^^ — )■ Kergr^^. It is induced by the natural projection 
T /p^'^^T — 7- T jp^T . Consider the commutative diagram 

— \ T T — > T/p^+^T — ^0 

4 ^ II i 

— > T T — > T/p'^T — ^0. 

Taking G^^T^invariants we get the following commutative diagram: 

S'/p^+^S' {T/p^+^rf''^ R^{Gs,T,T) 

S'/p^'S' (T/p^'T)^''^ E^{Gs,T,T). 

Since multiplication by p annihilates }i^[Gs,T,T), we conclude that the projection Ker'^-p„_^^ — t- 
Kei's^T^^ factors via S/f^S. Hence the nnage of (^w) ^ (Ox„/p"0Xm) (^w) 

factors via Ru/p^Ru C {Oxm Iv^^XM^i.^u)- This proves the second claim of the lemma. 

Consider the map of sets T jpT — )• T /p^T sending an element a to the p-th power W of a lift 
a of a in T /p^T. It is well defined since it does not depend on the choice of the lift a. It induces a 
map p: {T/pTf'^ ^ {T/p^TY''\ Frob enius on (T/pT^ '^'^ factors as the composite of p and 
the projection {T /p^T^^^'^ — )■ (T/pT^'^^'^ . It follows from the above discussion that Frobenius 
Kei'g rp -^ — )■ Ker'g rp -^ factors via S/pS. Hence the image of Frobenius on (^Oxj^ JpOxj^i) (Ru) factors 
via Ru/pRu C (Oxm Ip^^ai) (Ru)- This proves the last claim of the lemma and the proposition 
fUB □ 

The map 6m- We define a morphism 6m'- -^ilif m — ^ objects of Sh(XAf)^ as follows. 

We work in the formal setting. Fix a non-negative integer n. Let (U, W) be an object of Xm- 
Let S = W) and consider the diagram of sets and maps 

S/p^'S 

I bn 

{s/psr 

n-l 

where a„(so, si, . . . , := /^p and bn is the natural projection. Remark that there is 

a unique map of sets, c„: {S/pS)"- — )■ S/p^S which makes the diagram commutative, i.e. such 
that Cnobn = an- Moreover, c„ induces a ring homomorphism Cn,(u,w)'- ^n{.S/pS) — )■ S/p^S 
functorial in (W, W) i.e. a morphism of presheaves Wn,M — ^ ^^mIp^^Xm- Denote by 6M,n the 
induced morphism on the associated sheaves. 

Lemma 2.18. a) The following diagram of sheaves and morphisms commutes for varying n G N.' 
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where Un is the composition of the natural projection and Frohenius and Vn is the natural pro- 
jection. 

b) ForU = Spf{Ru) connected open affine in X'^^ , the localization of 

Om = {OM,n}- ^tnfM ^ 

is the map 6u- ^tniui-^u) — > Ru of lBri\ Prop. 5.1.1]. 

Proof, a) It is enough to prove that the diagram commutes at the level of pre-sheaves, so let as 
before (W, W) be an object of Xm and let 5* = Oxm^i^)- We are reduced to checking that 
the following diagram of sets and maps commutes 

{s/pSY ^ s/p^'S 

where Un{so, Si, . . . , s„) = (sq, s^, . . . , s^^_i). This is a simple calculation which we leave to the 
reader. 

b) Using the proposition 12.151 the map (9n m)u is induced by lim c„ m w) and therefore 
coincides with the map defined in [Bril Prop. 5.1.1]. □ 
Fix an object (W, W) of Xm- Write S = Ox,,{l{, W). 

Lemma 2.19. Assume that p^^^"^ ^ G S. Then ^„ := [p^/^" ^] ~ P (see section [Oj) is a well 
defined element of Wn{S/pS) and it generates the kernel of Cn'- Wn{S/pS) — > S/p^S. 

Proof. Let us first remark that c„(^„) = (p^/^" ^ — p = 0, therefore ^„ G Ker(c„). 
We show that if a; G Ker(c„) then x G ^r^WniS/pS). We'll prove this statement by induction on 
n. For = 1, ci = Id and = G Wi{S/pS) = S/pS. Let now n > 1 and suppose that our 
statement is true for n — 1. Let a G Ker(c„). 

Claim 1 There are /3 G Wn{S/pS) and 7 G Wn-i{S/pS) such that a = ^„/3 + ¥(7), where 
V: Wn-i{S/pS) — y Wn{S/pS) is Vershiebung, i.e. V(so, si, . . . , s„_2) = (0, sq, si, . . . , s„_2), for 

(So, Si, . . . , S„_2) G Wn-l{S/pS). 

n-1 

To prove this claim let us write a = (ao, ai, . . . , an-i) and so = Cn{a) = ^^p*5f , 

n — 1 

where if x G S/pS, then x denotes any lift of x to S/p^S. Therefore = pc for some c G S*. 

Let Ru C S"(c S") be a finite and normal extension containing both 5o and p^/p" . For every 
height one prime ideal p of S' we have 5g /p = c which lies in S'^ so that 5o/p^^^" ^ G S'^ since 
the latter is a dvr. We conclude that ao/p^^^" ^ lies in the intersection of the localizations of S' at 
every height one prime ideal so that, since S' is noetherian, we must have ao/p^^'^" G 5". Denote 
by /So the image of ao/p^^^" in S/pS. Then ao = p^^^" /3o in S/pS. Let /3 := (/3o, 0, . . . , 0) G 
WniS/pS) and let us compute: a — C,n-/3 = a —pn ■ (3 + pf3 = {ao, ai, . . . , a„_i) — (ao, 0, . . . , 0) + 
(0,/^o^O,...,0)GV(W„_i(5/p5)). 

Let 7 G Wn-i{S/pS) be such that a - ^„/3 = ¥(7). Then c„(V(7)) = c„(a - = and 
c„(V(7)) = Wn{cn-i{j)) , where Wn is the isomorphism S/p"'~'^S = pS/p^S. Therefore 
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Cn-iil) = and by the inductive hypothesis there is 5 G Wn-i{S/pS) such that 7 = C,n-i 5. The 
lemma now follows from 

Claim 2 Y{^n-iS) = ^nV((5). This is a simple calculation with Witt vectors. Write S = 
{So, Si, . . .,Sn-2), then 

= (p'/^"", 0, . . . , 0) ■ (So, Si,..., 5„_2) -pS = 

= {p'^^'""So,p'/'"''Si, . . .,p^'^Sn^2) - pS. 

Therefore 

v(e„-i<5) = (o,pi/^""'5o, . . . ,p'/^<5n-2) - y{ps). 

On the other hand, 

enV(5) = a ■ (0, So, Si,..., Sn-2) = (0,P^/^""5o, . . . ,p"''Sn-2) - pi^S), 

which proves the second claim and the lemma because V is an additive map. □ 

Note that if (U, W) is an object of Xj^ then Oj^ C S and pn G WniS/pS). In particular ^ is 
naturally a section of the sheaf A^^^Ox) over (U,W). We deduce from 12. 191 

Corollary 2.20. We have Ker{9^: Ajnf — > C'x-j^j = i ■ as sheaves in Sh{Xj^)^ . 

Let W be a small affine as in g221 Write q' := -^^^ = 1 + [e]p ^ ^ [e^]^ ^ A4f Then 

[e]P-l 

Lemma 2.21. (1) For every positive integer r the Frobenius morphism (p induces an isomor- 
phtsm Wn(Ru/pRu)/^~''~'{q')^n(Ru/pRu) = Wn(Ru/pRu)/v'''{q')^n{Ru/pRu); 

(2) for every n G N the Wn-nnodule Wn{Ru/pRu) is flat; 

(3) assume that we are in the formal case. The sequence — )■ TLjp^TL — > ^ niRujpRu) ^^4- 
'^n{Ru/pRu) — ^ is exact where 'L/p^'L is the constant group over Spec[Ru ®Ok 

Proof. (1) We proceed by induction on n. The kernel of the reduction Wn+i{Ru/pRu) 
'Wn{Ru/pRu) is ^"'Wn+i{Ru/pRu), where V is the Vershiebung. The latter is isomorphic to 
Ru/pRu as an abelian group with structure of W„+i (-Ri^/p-Rj^) -module via the map W„+i (^Ru/pRu) — ^ 

Ru/pRu, («o, . . .,an) ^ al . 

Let Ar^n be the assertion that induces an isomorphism 

Wr,(Ru/Ru)/p-'"'{q')Wn(Ru/Ru) ^ Wn(Ru/Ru)/v>"'iq')^n(Ru/Ru). 
Let Br^n be the following assertion: the sheaf 

V"W„+i (Ru/pRu) 1^^'' (g') V"W„+i '^ulpRu) , 
which is isomorphic to Ru/ ((1 + C2 + ■ ■ ■ Cl'"^)'''^"" iP^Ru-, injects in 

w„+i (RulpRu) 1^-'' (g') w„+i '^ulpRu) ■ 
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We prove by induction on r and n that the claims Ar^n and Br^n hold. For n = 1 and any r 
the fact that the map ip is injective follows from the fact that Ru is normal, cf. proof of 12.161 It 
is surjective by |Bri[ Prop. 2.0.1]. Thus Ar^i holds. Since 1 + C2 + ■ ■ ■ Cf"^ has p-adic valuation 
1 assertion Br^n holds for every n G N and every r > n. It then follows by descending induction 
on r < n and from Aj.^i that -Br+i.n implies -Br-.n- Thus B^^n holds for every r and n. Proceeding 
by induction on n one then proves that Ar^n and -Br,n+i together with Ar^i imply Ar^n+i- 

(2) It suffices to prove that the map J ®Wry^ n{Ru / pRu) — ^ ^n{Ru/pRu) is injective for 
every finitely generated ideal J C Wn- We proceed by induction on n G N. Let n = 1. Since 

is the union of discrete valuation rings and J is finitely generated we have J = p^Oj^/pOj^ 
for some 0<5<li. e.,J = Oj^/p^~^0-i^ and the inclusions J C O^/pOj^ is given by 
multiplication by ■/ : Oj^/p^-^Oi^ Oj^/pOj^. Then J^Oj^Ru/pRu = Ru/p^'^Ru and the 
map J(g)o^Ru/pRu Ru/pRu is the map Ru/p^^^Ru — ^ Ru/pRu given by s t-)- p^s. Since Ru 
is normal, this map is injective as well. 

Assume that the claim holds for ideals of Wn for n < N . Let J C Wn+i be an ideal. 
Let tttv: Wn+i Wn be the natural projection. Its kernel is Y^Wn+i which is isomorphic 
to Oj^/pO-j^. Let Jn be the image of J via tttv and put J' := J H Ker(7rAr) which we view as 
an ideal of Oj^/pOj^ via the identification above. Since Frobenius is surjective on Ru/pRu, 
and hence on W n+i{Ru / pRu) , and multiplication by p is V o yj, we have YW n+i{Ru /pRu) = 
pWn+i{Ru/pRu)- Then J' ^Wn+i ^n+i{Ru/pRu) = J' ®o^/pO^RulpRu which is isomorphic 
to J' ®o^/pO^Ru/ {v '^^^{(1%p)Ru since multiphcation by f~'^~^^{q') is multiphcation by p = 
on J'. Moreover the map from J' i^Oj^/pOj^Ru/ {v'^^^ {q') : p) Ru to ^ N+i{Ru/pRu) factors via 
Ru/pRu — Y'^W n+i{Ru / pRu) and via these identifications it is the map a^b^-^ aW^ \ This 
is proven to be injective as in the proof of the n = 1 case. 

We have an exact sequence — i- J' — i- J — )■ Ja? — of WAr+i-modules. The induced 
map J' <^Wn+i ^ n+i{Ru /pRu) ~^ Y'^W iy+i(^Ru / pRu) has been proven to be injective. Note 
that Jn^Wn+i^n+i{Ru/pRu) — Jn ®w^^n{Ru/pRu) since the kernel V^Wjv+i(i?^//pi?w) = 
N^^^^N+i(Ru/pRu) = p^Wn+i{Ru/pRu) andp^ = OeWn. Furthermore, the map Jn^w^ 
Wn{Ru/pRu) ^n{Ru/pRu) is injective by inductive hypothesis. Consider the following 
commutative diagram 

J' ®Wn+i{Ru/pRu) J^Wn+i{Ru/pRu) Jn^Wn+i{Ru/pRu) 

O^Y^'WN+iiRu/pRu) ^ ^N+i(^u/pRu) — > (Ru/pRu). 

where in the first row the tensor products are over the ring W^j^i. The rows are exact and 
we have proven that the left and right vertical maps are injective. Therefore the map J ®Wm+\ 
Wn+i{Ru/pRu) ^ N+i{Ru/pRu) is injective as well. 

(3) Proceeding by induction on n it suffices to prove the claim for n = 1 i. e., that the 

sequence — > Fp — )■ Ru/pRu -^-^ Ru/pRu — ^ is exact. Since Ru is p-adically complete 
every finite extensions of Ru is also p-adically complete and by Hensel's lemma the connected 
components of the associated spectrum are in bijection with the connected components of its 
reduction modulo p. In particular the scheme Spec(^Ru/pRu) has as many connected components 
as Spec(^Ru ®Ok ^m) has. By construction these coincide with the connected components of 
Spec(-Rw®ciK^) • The exactness on the left and in the middle follow from Artin-Schreier theory. 
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The cokernel of — 1 on Ry/pRu is contained in Y{^[^Rii/pRui'^p) by Artin-Schreier theory. 
Let Z —7- Speci^Ru/pRu) be an Fp-torsor. It can be hfted to an Fp-torsor Z — t- Spec(S') over a 
finite and normal extension Ru C S, etale after inverting p. In particular Z = Spec(T) is affine 
with T normal so that Z{Ru) admits a section by definition of Ru- Then Z admits a section as 
well and thus it is the trivial torsor. Therefore Y{^{Ru/pRui'^p) = and the claim follows. 

□ 

Corollary 2.22. For every n the sheaf W^j^ is a sheaf of flat Wn-modules. Furthermore, (p 
induces an isomorphism ^nK/{[^W^ ~ — ^ ^nKl{[^\^ '~ ^j^nx f'^^ every r G N. 
In the formal case the sequence — > Zp — > W^^ 7^ W„j^ — > is exact. 

Proof. It suffices to show the claims for the pre-sheaf Wn(Cx-j^/p(9x7-) and further after passing 
to its localizations at every small affine U d X. The claims follow from lemma 12.211 □ 

2.5 The sheaf A^ri^ m- 

We start with a formal definition. A W{k)-divided power (W(A;)-DP) sheaf of algebras in Sh(jCM) 
or Sh(XAf)^ is a triple (J-", X, 7) consisting of (1) a sheaf of W( A;) -algebras J-" G Sh(XM) (resp. an 
inverse system of sheaves of W(A;) -algebras {J-'n} £ Sh(XM)^), (2) a sheaf of ideals X d T 
(resp. an inverse system of sheaves of ideals {X„ C J^n}), (3) maps 7j: X — )■ X for z G N such 
that for every object (W, W) the triple >V),X(W, W), 7(iv,w)) (resp. for every n the triple 

(j-'„(W, W), X„(W, W), 7(w,w)) ) is a DP algebra compatible with the standard DP structure on the 
ideal pW{k) in the sense of |BOt Ch. 3]. Given a sheaf of W( A; ) -algebras Q and an ideal J d Q 
(resp. an inverse system of sheaves of W(fc)-algebras Q and ideals J d Q) the W(A;)-divided 
power envelope of Q with respect to ^7 is a W(/c)-DP sheaf of algebras {J^,1., 7) and a morphism 
Q ^ F oi sheaves (or inverse systems of sheaves) of W( A;) -algebras, such that J maps to X, 
which is universal for morphisms as sheaves (or inverse systems of sheaves) of W( A;) -algebras 
from Q to W(A;)-DP sheaves of algebras T' such that J maps to the sheaf of ideals of J-"' on 
which the divided power structure is defined. 

We'd like to consider the W(A;)-DP envelope of the sheaf A^^^ G Sh(XM) with respect to the 
sheaf of ideals Ker(^M)- One could use the general machinery of |Blt Thm. 1.2.4.1] to guarantee 
that it exists but we prefer to provide a different more explicit description. We start with: 

Lemma 2.23. Let Q he a sheaf of W{k) -algebras and let J d Q he an ideal. Assume that the 
W{k) -divided power envelope (J^, X, 7) ofQ with respect to X exists. Then for every U G X'^^ the 
restriction of (J^, X, 7) to Hm is the W{k)-divided power (DP) envelope o/^|um '"'^^^ respect to 

Proof. Let j : Xm — ^ be the continuous morphism of sites sending (V, W) 1— )■ (V, W) y<(x,XK) 
{U,Uk)- Let j\ : Sh(ilAf) — )■ Sh(XA/) be the functor of extension by zero. It is the right adjoint of 
the functor j* : Sh(XM) — > Sh(ilA/) which is the restriction functor from Xm to the subcategory 
Hm C Xm', see [Err]. Let /: G\iXM — ^ be a morphism of sheaves such that (J^',X',7') is a 
W(A;)-DP sheaf of algebras on Um and f{J) d X'. Then {ji{J^'), ji{-f')) is a W(A;)-DP 
sheaf of algebras and by adjointness of j\ we get a morphism j\{f): Q — )■ ji{J^')- The latter 
extends uniquely to a morphism J-" — )■ j\{J^') of W(A;)-DP sheaves of algebras by the universal 
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property of T . Restricting to Hm we get a morphism J^' of W(A;)-DP sheaves of algebras 

extending /. Using the adjointness of j\ and the universal property of J-" one proves that such a 
morphism is unique. The claim follows. □ 

By lemma [2?T^ for every object (W, W) G Xm we have a natural identification Wn,M(pf, VV) = 
/3m,f,*(W„(W,>V))^^'^^/*^\ We used the fact that /3;^^-^(W„,Af) (W, W) = W„(W,W). Define 
-^CTis.n.M be the sheaf on Xm associated to the pre-sheaf given by 

Let 9M,n- A^is,n,M — ^ /v^^Xm the map of sheaves induced by the map of pre-sheaves 
given by On ® On,M- Here using again lemma [2. 141 we have identified 

with (0::e^/p"Oxm)(W,>V). We get from lemma EIH] that Ker(6'A/,„)(W, W) coincides with the 
Gal(Z/M)-invariants of the ideal of A„is,n W„(Cx„(W, >V)/pCx^(W, W)) generated by 
Ker(6'„)^^. Such an ideal has W(/c)-DP structure thanks to corollary l2.22[ In particular the sheaf 
Ker(6'„^Af) is endowed with W(A;)-DP structure as well. Using the identification W„^Af(W, W) = 

(Wn(W, W))'"''^^*'^^^^'' we also have a natural map 

hM,n'- ^n,M > -^CTis.n.M" 

Since Oxnj is a sheaf of CA/^algebras, W„,Af is a sheaf of Cmq ^algebras. Consider the map 
Tn+i : W„+i — !■ Wn defined by the natural projection composed with Frobenius. Now we tensor 
with Aciis,n+i over Wn- Since ^„ is the image of ^^+1 via r„+i, taking Gal(i^/M)-invariants, we 
get a natural map rM,n+i '■ ^^is.n+i.M ~^ -^CTis.n.M- Denote by A^j^ jyj the sheaf in Sh(X;^)^ defined 
by the family {A^j^^^ with the transition maps {rM,n+i}n- 

Proposition 2.24. 1) The sheaf of rings A^j^ ^ y-, with the sheaf of ideals Ker(9n,M) ind the nat- 
ural map hn,M- W„,A/ — > -^CTis.n.M' W{k)-DP envelope ofWn,M with respect to Ker{6n,M) ■ 

2) The system of sheaves of rings A^^gj^^, with the sheaf of ideals {Ker{9n,M)}n o-nd the 
natural map Km = {hn,M}n'- ^tnim — ^ -^o-isM W{k)-DP envelope of A^^j^ with respect 
to {Ker{9n,M)}n- 

3) The Frobenius map (p: W„,a/ -> ^n,M defines a map A^j^ ^^ j^ ^CTis,n,M- 

4) For varying n the maps {ipn}n define a morphism ip: A^j^j^ — )■ A^j^j^ in Sh{XM)^; 

5) If Ml C M2 is a Galois field extension we have a natural isomorphism [3\j^ j^^ ('^CTis,n,Mi) — 
'^OTisnM2 ofW{k)-DP sheaves of algebras, compatible with Frobenius and the natural structures 
of Wn,M2 -sheaves of modules; 

6) We have a natural isomorphism I3\,j^ j^^^ (-^ctisMi) — '^CTisM2 ofW{k)-DP sheaves of alge- 
bras, compatible with Frobenius and the natural structures of ^^-sheaves of modules. 
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Proof. (1) Let Q he a W(A;)-DP sheaf of algebras and let /: Wn,M — > ^ be a morphism 
sending Ker(6'„_M) to the DP ideal of Q. Due to I2.14[ for every (W, W) G Xm, we have 

g{U,W) = [^P^^-{g){U,}V)) . Since /3;^^(W„,m)(W,W) is equal to W„(W,>V), the 

map P;^]-j^if) extends uniquely to a map Aen,,n W„(W,>V) ^ W). Taking 

Gal(i^'/M)-invariants and using the definition of A^j^ ^ j^, we get a unique map A^j^ — )■ ^ as 
W(A;)-DP sheaves of algebras extending /. This proves the universal property of A^j^ ^ ^. Claim 
(2) follows from claim (1). Recall that Frobenius on Wn extends to an operator on Acris,n- 
Claims (3) and (4) follow. (5) The existence of a natural map (3l.j_^ (-^CTisnMi) ~^ '^CTisnM2' 
compatible with Frobenius and the structure of W„^M2^i^odules follows from the definition of 
-^CTis n- '^'^ check that it is an isomorphism it suffices to prove it for the stalks. The stalk of 
(3M\,Ah{^n,M,) at apointx G XisW„(CxMi,x/pC'xMi,^); see [SI, Prop. 4.4]. The latter is a 
algebra. It then follows from |2JJJ that the stalk A^jg ^ j^^^^ is Acns.n ®w„ W„ {Oxm^,x/pOx^i^,x) ■ 
Since Cxmi,^; ~ ^Xm2,^^ claim follows. Claim (6) follows from (5) □ 

The next step is to study the localization A^j^ ^ over small affines. In analogy with the 
classical case of Acris recalled in §1.21 we provide a second essentially equivalent definition of 
-^crisM the system A^jg j^/p^A^^g for varying n E N. Let A^^^gj^^j be the sheaf on Xm 
associated to the pre-sheaf given by 

Let 6';^_„: A^^^^^ j^ — > Oxj^Jp'^Ox^ be the map 6'M,n ° (qnf^v) (we refer to for the 
map g„: Acris/p"^cris ^cris.n)- Dcuotc by A^^gj^ the sheaf in Sh(XM)^ defined by the family 
{Kris,n,M} with the transition maps r'^^^^^^ : A^^^^^^^ ^ ^ KZs,nM induced by r^+i : W„+i,m ^ 
Wn^M- For every n G N define the map of sheaves 

„ . a'v V aV 

associated to the map of pre-sheaves inducing Acris/p"^cris ^cris,n and Frobenius on 
W„_m(W7 VV). Consider the map of sheaves 

„ A V , a'v 

associated to the map of pre-sheaves which induces m„: Acris,n+i — ^ ^cris/p"^cris (see II. 2p and 
the natural projection W„+i,m(W, >V) -> W„,Af(W, >V). 

Proposition 2.25. 1) The sheaf of rings A^^^^ with the sheaf of ideals Ker{6'^ j^j) and the natu- 
ral map h'^ : Wn,M — > A^^^ n m ^■^ W{k)-DP envelope ofWn,M with respect to Ker(9n^M°v) ■ 

2) The system of sheaves of rings A^^^j^, with the sheaf of ideals {Ker{0'^ j^j)}n o,nd the 
natural map h\,f = {h'^j^,j}n- A^^^j^ — > A^^^^^ is the W{k)-DP envelope of A'^^^ with respect 
to {Ker{9n,M Of)}n- 

3) Frobenius on ^n,M defines maps ^p'^ : A^^^ ^^ ^^ — )■ A^^^ ^^ which are compatible for vary- 
ing n and give a morphism Lp := {(p'n}- A^^^ ;^ — )■ A^^g_^^. 
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4) For every n e N we have qM,n ° UM,n = rM,n+i and UM,n ° qM,n+i = r^^n+i- Furthermore, 
the following diagrams commute 

•^cris,n+l,M ^ -^cris.n.M ^ -^cris.n.M 

•™cris,n+l,M ^ -^criSjii.M ^ -^cris.n.M 

and 

lhn+l,AI ih'n,M i^n,M 

'"^cris,n+l,M ^ '"^cris,n,M ^ -"^criSjii.M 

5j //Ml C M2 is a Galois field extension we have a natural isomorphism (51,^^ j^j^ {^ais n mJ — 
'^crisnM2 ofW{k)-DP sheaves of algebras, compatible with Frobenius and the natural structures 
of Wn,M2 -sheaves of modules; 

6) We have a natural isomorphism (3]^.^^ j^j^ (-^IhsMi) — '^crisM2 ofW{k)-DP sheaves of alge- 
bras, compatible with Frobenius and the natural structures of A^^-^^-sheaves of modules. 

Write Qm ■= {qn,M}n- ^cHs.M ~^ -^ctis.M and Um ■= {Un,M}n- -^CTis,M ~^ ^cris,M- 

Lemma 2.26. a) For every n we have an exact sequence 

n . a"^ a'^ -^^ a'^ ^ n 

where b 

— ^2 7\/ ° ' ' ' ° M ° ^n+1 M ^nd CL is the map of sheaves associated to the Vershiebung 

b) We have A^v __ = O^JpO,^[6o, 6^, . . .] 

c) We have A^, „ ^(W, W) = (W„,^(W, W)) for every {U,W) G X^^. In 
particular the sequence in (a) is exact also as sequence of presheaves for M = K . 

Proof, a) Certainly 6 o a = 0. To check exactness we study the stalks. Since for any sheaf Q 
on Xm we have Pl.-j^iG). = by [JT, Prop. 4.4] ^nd since Z?;;,^^ (AI^^^.^m) = ^Zs,r.:K 
proposition 12.251 it suffices to prove the claim for M = K. The kernel H of the natural projection 
s : W„+i — )■ Wi = O^—jpO^— is identified with W„ via Vershiebung. It is a W„+i-module via 
the projection VF^+i — )■ Wn composed with Frobenius on Wn and the structure of W„-module 
of W„. Hence 

(^cns/p"+'Ans) ® = (Ans/p"+'^cris) ® W„, 

where ® stands for ®vk„+i- Since s(^^_,_2) = we have 



27 



Recall from 12.22] that Frobenius to the n-th power 93" gives an isomorphism Ox—/p^^^'^Ox— — ?■ 
Cx-^/pCx-. Hence 

The composite of s with is r20 - ■ -ornorn+i : W„+i — )■ Ox-j^/pOx-j^- This proves the exactness 
of the sequence displayed in Claim a) with the exception of the exactness on the left. We prove 
the left exactness on stalks. Let x be a point of X. Note that ^ = [p] ~ P- Since the ideal 
generated by p admits W(A;)-DP in Acris, the W(fc)-DP envelope of ^ in Acris coincides with the 
W(A;)-DP envelope of [p] in A^ris i- e., 

Define B := W„(Ca;_^/pC3e_^) [5o, 5i, ...]/ {p5m+i - '^m)^>o- Similarly, denote by 
C := W„+i (Ox^^JpOx^,.) [5o, 5i, . . .] /{pSm^i - 5^)^>o 

and write D := Ox^,x/pOxj^,x[So,Si, . . .]/{6p,)^^^^. Note that B/{p6o - p^^i)B is the stalk 
A'^ ^ of A'^ ^ at X, C/(p5o - P^+o)^ is A'^ ^ and D/pt.^D = A"^. - . We have 

cris,n,K,x cris,n,K ' / \^ ^ fn+zi cris,K,n+l,x ' -f^^i-^ cris,l,K,x 

the following commutative diagram: 

— > B ^ C ^ D ^0 

^ B ^ C ^ D ^0. 

Here, Ux sends 5i 5i and induces Vershiebung Wn{Ox-j^,x/pOx-j^,x) ^n+i{Oxj^,x/pOx-j^,x) ■ 
Since B (resp. C) is a free W„((9x-^,2;/p(9x-j^,i:)-module (resp. W^+i (O^—^^/pOx-j^^ajj^niodule) 
with basis given by the monomials in the (5j's and Vershiebung is injective the map ax is injective. 
The map is the natural projection. Since also D is a free 0^_ ;c/p(9x^,x^Hiodule with basis 
given by the monomials in the 5j's the rows in the displayed diagram are exact. The sequence of 
cokernels B/{p6o —j^^i)B — )■ C/{pSo — p^+2)C is the map on stalks associated to a. Note that 
Pn+i = — P^^^" ^~k/p^T< the kernel of multiphcation by p^/p" on D is pp'^^^" D = 

p p" D = jf^j^^D. Choose y & D and let x G C be the lift defined taking the Teichmiiller lifts 
of the coefficients of x with respect to the Ox-^.x/pC'x-j^.x^basis of D given by the monomials in 
the (5i's. In particular p^n+iV = py = 0. Put z := J2^=o^ P^^oI^+i ^^V- Then 

p"~i p"-i 

i=0 1=0 

and Sx{z) = p p" y. This proves that the kernel of multiplication by pSo — Pn+2 ^ surjects 
onto the kernel of multiplication by j?n+2 ^- The claimed left exactness follows from this 
using the snake lemma in the displayed diagram. 

b) follows using that A,,,JpA„,, = Ot^/pOk[6o, 5i, . . .] /i6?n)m>o'^ see Ol 
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c) We prove the claim by induction on n. For = 1 it follows from (b) since is a 

direct sum of copies of Oxj^/pOxj^- Suppose the claim proved for n. Write for the presheaf 
(W, W) I— !■ (y4cris/p"^cris) ^w„ (W„(W, W)]. Cousider the following commutative diagram: 



A'^ ^(U, W) ^ A'^ ^(W, W) A A'^ ^ ^(W, W) 

cris,n,K^ ' ' cris,n+l,K^ ' ' cris,l,K^ ' ' 

The bottom row is exact due to (a). The top one is exact as well (see the proof of (a)). This 
fact together with the inductive hypothesis and a diagram chase imply the claim. □ 

To conclude the comparison between A^^^ ^ and A^j^ n m prove the following: 



Lemma 2.27. For positive integers m > n the map Un,M o rn+2,M o • • ■ o rm,M'- -f^crismM 
-^cris.n.M induces an isomorphism A^^g j^jy[/p"A^jg t- A^.^^ ^ ^^. 

Proof. As in the proof of lemma [2.26( b) it suffices to prove the lemma for M = K. We can write 
multiplication by on Wm as the composite of V"oy}" with V =Vershiebung and if =Frobenius. 
Since ip is surjective on by |AH Lemma 4.3(v)] we deduce that ^m/p'^^m — W„ 

where the map is the natural projection. Via this identification the map o r„+i o ■ ■ ■ o 
rm- W„ — > Wn is and, hence, sends ^ ^n+i- Note that pm = ^m + P- Since p and 

admit DP in Acris,m(C'if) also Pm admits DP. We compute = {f'^{y^{Pm))Y ~ 

{p^PmY = p'^P" "pP^ " = p^p'' ^. This is in y4cris,m/p'^^cris,m since — s > n. 

The element p^^ generates the kernel of (^'"-"^i on Ox/pOx] see the proof of 12.261 Hence 
iy{Pni)^ )o<s<n generates the kernel of on W„. Similarly Wm/p'^Wm) = Wn and 

{^'^{PmY )o<s<„ kernel of on Wn- Hence Acris,m/p"^cris,m is the DP envelope 

of Wn with respect to ^p''^~^~^{C,m) = C,n+i i- e. it coincides with Acns/p^^cris- We conclude that 
p"'A^. ^ contains the kernel of the map u„-f7 o r , , o ■ ■ ■ o r : A^. — )■ A ^ tt- It is 

cris,m,K ^ n-|-i,_(\ m,i^ cris,m,K cns,n,K 

also clearly contained in this kernel. The claim follows. □ 

Let lA = Spf(-R2^) be an object in X''*. Assume it is small in the sense of §2.2[ As in §2.31 
fix a geometric generic point and define Ru as in loc. cit. Following |Bri| §6] define A^^^^{Rk) 
as the p-adic completion of the W(fc)-DP envelope of W (7l{Ru)) with respect to the ker- 
nel of the map defined as follows. For every n let -^n be the composite of the projection 
W{n(Ru)) Wn(7^(i?w)), of the map W„(7^(^^/)) ^ Wn{Ru/pRu) associated to the pro- 
jection IZiRu) = lira Rii/pRii — )■ Ru/pRy on the n-th component and of On'- Wn(Ru/pRu) ~^ 

RuIp^Ru- Let 'd: W(7l{Ru)) — )■ Ru be the map x lim ^9ri(x). It is proven in loc. cit. that 

Ker('i9) is a principal ideal generated by ^ and that Frobenius on W(7l{Ru)) induces Frobe- 
nius (f on A^j.^^{Ry). For every n let gn be the composite of the projection W(7l{Ru)) 
Wn{n(Ru)) and of the map Vn - W„(7?.(i?z^)) — )■ ^n{Ru/Ru) associated to the projection 
TZ{Ru) = lim Ru / pRu — > Ru/pRu on the n + 1-th component. We get that 

Al,^{Ru)/p''Al,,{Ru) = ¥in{n(Ru)) [5o, 5i, • • -]/ipSo - e,p5^+i - 5f).>o. 
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Since gn{0 = ^n+i, we have a map gn'. A^^i^{Ru) / A^^^^^Ru) — > A'^.^^^:^{Ru) . Note that 
Kris,n,M(^w) = (^*Mj^ (Kris,n,M) (^w) by EH and the latter coincides with A'^-^^^-^iRu) thanks 
to proposition [2251 We then get a map gM,n- A'^^-^^{Ru) / p"" A^^^^{Ru) — > A^^g ^^l-Rw)- 

Proposition 2.28. 1) The map Aj,^g p^(i?iY) — ^ ■'^CTisM(-^w) defined by qm is an isomorphism. 

2) For every n e N the map gn,M- ^Zm{Ru) / p"^ A'^^-^^{Ru) — > A^^^ „ ^(-Rw) is injective, 
commutes with the Frohenius maps and its cokernel is annihilated by any element of I. 

3) The induced map A^^^^{Ru) — ?■ h^^-^^yi{Ru) is an isomorphism and commutes with Frohe- 
nius. 

Proof. (1) It follows from proposition 12.25( 3) that defines an inverse. Claims (2) and (3) 
follow from the next lemma. □ 

Lemma 2.29. For every n E N the map 74^;g(_R^)/p"y4^;g(i?^y) — )■ A'^^^^^{Rii) is injective, its 
cokernel is annihilated by any element of I and the transition map 
factors via A^^-^^{Ru) / p"- A^^-^{Ru) . 

Proof. Since Ru is a normal ring and Frobenius is surjective on Ru/pRu by |Bri[ Prop. 2.0.1], 

the kernel of the projection IZi^Ru) = YrnvRu/pRu — )■ Ru/pRu on the n + 1-factor is jP" . 

•f— 

Since ^ = p — p and both p and C, have DP in A'^^^^^Ru), also p admits DP. As in the proof of 
lemma ESZI it follows that Y'{\p\Y" = 0m A^^-^(Ru) / p'^ A^^-^^{Ru) . These elements generate the 
kernel of v„. Hence 



Al,,{Ru)/p''Al,,{Ru) = Wn{Ru/pRu) [So, ^i, • • .]/{pSo - e,pSi+i - Sf] 



i>0 



where the isomorphism induces the map W„(7?.(-Rw)) — > ^n{Ru/pRu) ■ 

We prove the lemma by induction on n. It follows from what we have just seen 12.26) and [2TT71 
that the map A'^^^^IRk) / pA^^^^^^Ru) — )■ A^^_^ ^ ^{Ru) is injective and that its cokernel is annihilated 
by any element of I. 

Since A^^^^^Ru) has no p-torsion by |Bri| Prop. 6.1.4] we have an exact sequence 

Al,XRu)/p''Al,XRu) ^ Al,^{Ru)/p-^'Al,^{Ru) AlM/pAlM 0. 

One checks that it is compatible with the exact sequence obtained by taking the localizations of 
the sequence in 12.261 (b). Due to l2.26r b) the map A!^^.^^ ^^^^{Ru) — )■ h^^isiK^^^) 

A ■ / \ 4 ■ 

^cris ^ / TiTiT /"7^ \ \ ^cris 



P"^cris ^ ' pA, 

which by construction induces the map Wn{Ru) ~> {Ox-j^/pOx^){Ru) given by the natural 
projection and Frobenius to the n — 1-th power. In particular since n > 2 this map factors via 
Ru/pRu by I2.17[ The inductive step follows from this using the inductive hypothesis. □ 
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2.6 The sheaf Acris,M- 

In this section we assume that Ok = W(/c) is absolutely unramified. Write Omq for the ring 
of integers of the maximal unramified extension Mq of K in M. Recall that in lemma 12.131 
we have described Vx^m{^x) as the subsheaf O^^^ of Oxm introduced in 12.101 It is a sheaf of 
OMo-algebras. For every n > 1 let us define the sheaf Wx,n,M := W„(Cxm/pC'xm) ®Omo ^Tm °f 
Ca/q -algebras and the morphism of sheaves of C^'jJ^-algebras Ox,n,M- Wx,n,M — > ^^m/p^^^m 
associated to the following map of pre-sheaves. Let (W, W) be an object of Xm such that 
U = Spi{Ru) is affine, let R^"" := C^°^(W,>V)) and let S = Oxj,,iU,W). Then S contains i?^"^ 
and we define 

On,(u,w) ■■ ^n{S/pS) ®Om, Ru S / S by (x ® r) ^ c„(x)r. 

Let Ix,n,M denote the sheaf of ideals Ker (6'x,n,M)- Due to |B1( Thm. 1.2.4.1] one knows that 
the W(/c)-DP envelope Acris,n,M of Wx,n,M with respect to Ix,n,M exists. The main point of this 
section is an explicit description of Acris,n,M in theorem 12.311 which will be used in the sequel. 

Let U = Spf (Ru) denote a small affine open as in 12.11 with parameters Ti,T2, . . . ,Td G R^. 
For every n > define Ru,n ■= Ru[Cn,Tl^^ ,...,Ty^ ], where Ru^ = Ru, Cn is a primi- 
tive p^-th root of 1 such that = (n and T^^^ is a fixed p"-th root of Tj in Ru such 

that [tI^^ Y = tI^^ . We consider the category iLn,M consisting of objects (V, W) and 
a morphism to (W, Spf (-Rj^^nj^o^M) . The morphisms are the morphisms as objects over 
(U, Spf[Ru,n)'^OK^) ■ The covering families of an object (V, W) are the covering families as an 
object of Xm- There is a morphism of sites l: Xm — > iln,M sending (y,W) to (V, VT) y<(x,XK) 
(W, Spf(i?iY,n)®e'jf^)- Given a sheaf on Xm we write ^|u„m fo^ ''*(-^)- 

Let (V, W) G iin,M with V = Spf(i?v) affine and put S := Ox,j{V,W). Note that T^^^" G 
Ru,n C S* for all 1 < 2 < d. Denote by 

fi := {[T,],[tI/%--- ,[tI/^"],---) G lim Wn{Ru,n/pRu,n) , 

oo4-n 

where the inverse limit is taken with respect to Wn+i{Ru,n+i/pRu,n+i) — ^ Wn{Ru,n/pRu,n) 
the natural projection ^n+i{Ru,n+i/pRu,n+i) ^n{Ru,n+i/pRu,n+i) and the map induced by 
Frobenius Ru,n+i/pRu,n+i Ru,n/pRu,n- The image of Tj in W„ {Ru,n/pRu,n) is the Teichmiiller 
lift (T//^", 0, . . . , 0) of tI^^\ Write 

X, := 1 ® T, - ® 1 G Wn{Ru,n/pRu,n) ®Ok 

for i = 1, . . . , c?. They are naturally elements of Wn{S/pS) ®Ok -^v- 

Lemma 2.30. The kernel of the map 6'„^(v,w) • ^n{S/pS) ^Omq R-v^ S/p^S is the ideal 
generated by Xi, . . . , X^) . 

Proof. The kernel of the ring homomorphism Rq/p'^Rq^Rq/p"'Rq — )■ Rq/p^Rq defined by x®y — )• 
xy is the ideal J = (Ti® l-l®Ti, . . . , Trf®l-l®Trf). Since Rq/p'^Rq Rv/p'^Rv ^ Rv'^/p'^Rv'" 
are etale morphisms, then / generates the kernel of R^/p'^R^ ® R^/p'^R^ — )■ R^/p'^R^. 
Base changing via R™ /p^R^ S/p^S we conclude that / generates the kernel of S/p^S ® 
Rl^'/p^'R^'' S/p'^S. By lemma EH the kernel of c„: Wn{S/pS) S/p^'S is generated by 
The conclusion follows. □ 
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For every (V, W) G lin,M let A^ig^^ p^(V, W)(Xi, . . . , X^) be the DP envelope of the polyno- 
mial algebra A^j^ j^(V, >V)[Xi, . . . , X^] with respect to the ideal (Xi, . . . , X^). As explained 
in |Bri[ §6], we have 

ACTis.n.MC*^' • • ■ ) ^d) = ACTis^n.MCl^' W)[Xj^O, • • ■]l<i<d/ — X'i m)l<i<d,m>0 

where Xij = 'y^~^^{Xi) and 7: 2; i-)- (p — l)!^;^^^ In particular it is a free A^jg ]y[(V, W)-module 
with bases given by the monomials in the variables Xi^o, Xi^i, . . . for 1 < i < ci in which each vari- 
able Xij appears with degree < p — l. We conclude that (V, W) — > A^j^ ^ mC^; ^) (^i? • • • 5 ^rf) is 
a sheaf and that the ideal generated by Ker(6'„^M)(c A^^^, p^) and {Xij, ■ ■ ■ , Xdj)jeN has W(A;)- 
DP structure. Write Acris,ii„ m ^^t the sheaf A^j^ p^|u^ m{^i^ ■■■,Xd). Let : Acris,Un m — ^ 
x^mWti.m ^1^^ map sending X^j h->- and coinciding with ^n,M|ii„.M ^-'^ A^is n mIhu Af 
For every (V, W) G iin,M with V := Spf(-Rv) affine, define the map 

Ro = W(fc){r±\ . . . , T±^} — > AL,n,M(V, W) (Xi, . . . , X,) 

of W(/c) -algebras setting Tj — )■ Tj 1 + 1 ® Xj for every 1 < i < d. As Tj is a unit in 
Ru, then Tj is a unit in Wn{S/pS) where 5* := (93e^^(V,W). Since Xf = pX]^' is nilpotent 
in A^jg j^(V, W)(Xi, . . . , X(i), also Tj 1 + 1 (g) Xj is a unit and hence the displayed ring 
homomorphism is well defined. Let us now look at the following diagram of W( A;) -algebras 

AL,n,M(V,>V)(Xi,...,X,) {Ox,Jp-0^,,)iV,W) 
t t 

E? ^ Dun 

itO > -fly . 

The diagram is commutative since O'^^^jiTi ® 1 + 1 Xj) = 6\x^^j{Ti) = (T^^^ Y = ^i- The 
kernel of Oix^^{V, W) is the DP ideal generated by Ker(6'„,M)(W, W) and by (Xij, . . . , Xdj)^^^^ 
so that it is nilpotent. As Ru is etale over Rq and R^ etale over i?^^ there exists a unique 
homomorphism 

i?r ^ AL,n,M(V, W) (Xi, . . . , X,) (1) 

of i?o^algebras making both triangles in the above diagram commutative. We thus get a map 
W„,A/(V, y^)(^OM^O^l,iV, W) ^ A^^ig^^ j^(V, W)(Xi, . . . , Xrf). Passing to the associated sheaves 
we get a map of sheaves 

It follows from l2.30] that the image of Xx,n,M|it„ m contained in the ideal generated by Ker(6'„ m) 
and (Xij, ■ ■ ■ ,Xrfj)jgpj which has W(fc)-DP structure. 

Theorem 2.31. (1) The W{k)-DP envelope Acris,n,M of Wx,n,M with respect to Ix,n,M exists. 

(2) For every small affineU of X'^^ the sheaf Acris,Un,M ^ith the ideal Ker(^9ix^ j^^) endowed with 
its W{k)-DP structure, is the W{k)-DP envelope ofWx,n,MW,iM ^ith respect to Tx,n,M\ix„ m ■ ^''^ 
particular the restriction of Acris,n,M to iln,A/ is Acris,iin m ■ 

(3) Let Ml C M2 be a Galois extension. The morphism /31/^_m2 (^Wx,n,Mi ®oif ^xli^ 

Wx,n,M2 ^oif^ C'^Ma '^'^^uccs an isomorphism /3X/i,m2 (^cris,n,Mi) = Acns.n.Ma ofW{k)-DP sheaves 
of algebras. 
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Proof. (1) The existence is a formal consequence of jBlt Thm. 1.2.4.1]. 

(2) Consider a W(/c)-DP sheaf of algebras Q and a morphism /: Wx,n,M|u„M ~^ ^ sending 
^x,n,M\ii„ M the DP ideal of Q. Due to 12.241 and 12.231 the induced map ^n,Ai\unM ~^ ^ 
extends uniquely to a morphism A^j^ f^|y^ Q of W(A;)-DP sheaves of algebras. Since the 

section Xj = 1 (g) Tj — Tj (g) 1 of Wx,n,A/ lies in Ker(6'u^ j^^) we can uniquely extend such map to 
a morphism A^j^ ^ Mliin m(^1' • • • ' -^d) G- This proves the first part of the claim. The second 
part follows from the first and lemma 12.231 

(3) Via the morphism /3mi,a/2 (w„,Mi ®o^}^ ^Xmj) — ^ W„,m2 ®oi^^ ^Tm^ o^ie checks that 
Plh,M2 {^x,n,Mi) and 9x,n,M2 ^fe compatible so that f^li.^MiC^x-aMi) is sent to Ix,n,M2- Due to the 
universal property of Acris,n,M2 we get a map /^X/^^Ma (^cris,n,Mi) — > Acris,n,M2- By construction it 
induces the isomorphism (31,^^ Mal-^CTisnMi) — ^ A^jg jj^^^ of proposition 12.241 It follows from (2) 
that the restriction to iln,Afi sends Xi i— )■ for every small afiine U and in particular it is an 
isomorphism. This implies the claim. 

□ 

Let U = Spf{Ru) denote a small affine open in X"^^. Choose Ti, . . .T^ G parameters and 
let Fu : Rk — )■ Rif be the unique map inducing Frobenius on Ok and sending Tj i— )■ Tf . Denote 
by Fk : Ou — j- C^y the induced map of sheaves on W^. Taking ^ it provides a morphism Fu 
onO^MlitM-Let 

be the map of sheaves associated to the map of pre-sheaves ^u,n®Fu : Wn,u,M ®Omq ~^ 

Corollary 2.32. 1) The morphism ifiXM,n on Wx,n,A/|uM ^^i^nds uniquely to an operator (fn^^j^n 
on Acris,n,M|uM' Called Frobenius, compatible with Frobenius on A^jg^j^ly^^ defined in proposition 

2) Via the identification given in theorem \2.31\ the restriction fa^j^j of (pix^^j^n to iia,M is 
uniquely determined by requiring that it induces Frobenius on A^^^ j^l^^ and sends Xi i— )• 

l®Tf-f!®l = X, (EU Tl^Tf-^) for^ = l,...,d. 

3) The isomorphism /5mi,m2 (^cris,n,MiliiMi) - Acris,n,M2liiM2 ofW{k)-DP sheaves of algebras 
is compatible with Frobenius. 

Proof. The fact that Frobenius on Wx,n,M|uA/ extends to A^j^ follows from proposition 
[2:21 

(2) For z = 1, . . . , ci we compute that <^u„,,,(Xi) = l®Tf-Tf ®1 = Xi{^ll\ T!^Tf-^) so that 
[Xi] admits divided powers. This implies that tp^x^ {^u,n,M) admits divided powers so that 

by the universal property of Acris,n,M|u„,M (see I2.3ip the morphism (pix„,M extends to Acris,n,M|ii„,Af- 
(1) Since (pn^ (^u,n,M) admits divided powers in 

Acris,n,M|u„_M (^) then also ^iXj^.j,n 

admits divided powers in Acris,n,M|iiM- By the universal property of Acris,n,M|aM' which follows 
from 12.31] and [2^231 the morphism (pn„j^i extends to Acris,n,M|uM,™- 

(3) It suffices to prove the claim after restricting to iln,A//2- In this case it follows from (1) 
and theorem 12.311 □ 
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Let rx,n+i,M ■ W„+i,Af ^Om^ ^Tm ~^ W„,M ®Om^ C'xm morphism which is the identity 

on ^"^^ reduction composed with Frobenius on W„+i^m ~^ W„_m- Then we have an in- 
clusion rx,n+i,M(Ker(6'x,n+i)) C Ker(6'x,n)- Hence rx,n+i,A/ defines a map Acris,n+i,M Acns.n.M- 
Let Acris,M denote the sheaf in Sh(XAf)^ defined by the family {Acris,n,M}n with the transition 
functions rx,n,M- It is the W(/c)-DP envelope of {Wn,M ^Omq ^xli}n with respect to the ideals 
{Ker(^x,n)}n. For every small affine U and parameters Ti, . . . , T^; denote by cpu : Acris.M Acris,M 
the map in Sh(il*^)^ defined by {(pu,n}n- 

Lemma 2.33. For every m' > m > n the maps rx,m',M o ...o rx,m+i,M- ^cris,m',M Acris,m,M 
induce an isomorphism Acris,m',M/p"Acris,m',M — > Acris,m,M/p"A 

cris,m,M ■ 

With the notations of \2.31\ for every small U of X^^ the restriction of this sheaf to itn,M is 
isomorphic to A^^, j^MluAf,n(-^b ■■■iXd). 

Proof. It suffices to prove the two claims restricting to iin,M for every small object lA. They 
follow from theorem 12.311 and lemma 12.271 □ 

Denote by A[,j.jgjj^^ the sheaf Acris,m,M/p"ACTis,m,M for m > n introduced in 12.331 It is the 
W(/c)-DP envelope of Wx,n,M with respect to the kernel of the map 6'^ „ : W„^m ^Omq 
OxmIp^^Xm induced by on Wn^M and the natural projection C^"^^ — )■ Ox^ Iv^^Xm- -^^^ 
every small affine U and parameters Ti, . . . , denote by y?^ ^ : A^j.jg ^ m Acris,w,n,M the map 
defined by (pn®Fu on ^umW^^^m ^Omo ^xlr Let A^^.^^ ^ := {Acris,n,M}„ be the associated system 
of sheaves, where the transition maps rx^n+i,M '■ -^cris.n+i.M ^ -^cris.n.M a induced by the transition 
maps {rx,m,M}m- By construction we have a natural morphism qx,n- A^j,jg j^^^ — )■ Acris,n,M for 
every n E N and hence a map qx '■= {qx,n}n '■ -^crisM ""^ Acris.M- For every small affine U and 
parameters Ti, . . . , denote hj iplf := {'^'u^n}^ 

Following |Brij define Acris,M(-Rw) as the p-adic completion of the W(A;)-DP envelope of 
W(TZ{Ru)) ®Ok with respect to the kernel of the map W(Tl{Ri()) ®Ok Ru given by 

x®y I— )■ 'd{x)y. Furthermore, it is proved that the operator (f^Fu on W(TZ{Ru)) ®Ok defines 
an operator on Acris,M(-Rw)- It is shown in |Bril Prop. 6.1.8] that Acris,M(-Rw) is the p-adic 
completion of the algebra Ajj.^^{Rij){Xi, . . . , Xd). Hence 

A,,URu)/p''A,,URu) = {Al,^(Ru)lv'^Al,^(Ru)) (Xi, . . . ,X,). 

This and 12.331 provide a natural map gu,n'- Acns{Ru) / ^cns{.Ru) ^ -^cris n m(-^w) ^^"^ hence a 
map 

9u ■= lim^fw,™: A^,^^{Ru) — > A'^^-^^ ^{Ru) . 

n ' 

Proposition 2.34. 1) The map A[,j,;g — )■ ACTis,M(-Rw) induced by qx is an isomorphism. 
2) The map gu is an isomorphism and commutes with the two Frobenii. 

Proof. The first claim follows from 12.331 and I2.28[ The second statement follows from the next 
lemma. □ 

Lemma 2.35. For every n G N the map gu,n is injective, its cokernel is annihilated by any 
element of I, it commutes with Frobenii and the transition map A'^j.^^ y^{Ru) — > A'^j.^^^y^{Ru) 
factors via Acris(^w)/p"^cris(^w)- 

Proof. It follows from lemma 12.331 and lemma 12.291 □ 
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2.7 Further properties of A^j^j^ and Adis M* 

Let us recall that we write A^j^ both for the system of sheaves {A^j^ „ ^In f*^^ {-^Iris m n}n- 
Similarly, we write Acris,M both for {Acris,n,M}n and for {A^j,jg p^}„. We specify which system 
is used when needed. Whenever Acris,M appears we implicitly assume, as in the previous sec- 
tion, that Ok = W(A;). Consider the filtration {FiF (A^j^ j^) defined by {Ker {9 n,M)^^^n 
(resp. {Ker(^^ Analogously define the filtration {FiF (Acris,M)}rgN given by the sub- 

sheaves {Ker(6'x,M,n)''^'}n (resp. {Ker(6'^_^„)M}„). 

Let U he a small affine of X^^ and choose parameters Ti, . . . , in R^^. Then Acris,M|ii„ m — 

^LsMK^r {{Xi, ...,X,)}hjEm and Fif (A„is,M) is E FiF" {Al,,^u) " " " 4'^'^' over 
all So, . . . , e N such that sq + ■ ■ ■ + Sd > r. 

We remark that the element t is an element of FiF (Acns) and, hence, of FiF (Acris,M) (Ru) 
as well. Write Bj^-^(Ru) = A^^-^(Ru) []] and Bcns(Ru) = Ans(Ru) Note that since t lies 
in Ker(6'), it admits divided powers in 

AcrisiRu) SO that tP = and p is invertible in Bcris{Ru)- 
In particular the definition given here agrees with the one given in [Bri[ Def. 6.1.11]. In |Bri[ 
§6.2.1] decreasing fihrations {FiV BZi,(Ru)}rez on BZi,(Ru) and {FiV B,,i,(Ru)}rez on B,,i,(Ru) 
are defined. Then 

Proposition 2.36. The filtrations {FiF (A^j^ o-nd {FiF (Acris,M)}rgN are decreasing, sep- 

arated and exhaustive. 

Let U be a small affine. Via the identifications h^^-^^y^i^Ru) = A^jg(-Rz^) and Acris,M(-Rw) — 
^cris(-Rw) given in \2.28\ (resp. \2.34\) , we have for every r G Z the identifications FiFy4^jg(_Rw) = 



FiFA^,ig M(^w) o,nd FiT A^,^,{Ru) = FiFAeris,M(^w). In particular, 
FiV BZ,,(Ru)= J2 ^'FiFAL,M(^w)[p~'] andFirB,,URu)= Yl t'FirKns,M(Ru)[p'']- 

a+b>r a+b>r 

Proof. The first claim is clear. The filtrations on Bj^^^{Ru) and -Bcris(-Rw) are defined in loc. cit. as 
the pull-back of the natural filtrations on B^^^{Ru)^~^ and Bd^{Ru)^ via the inclusions B'^^^^{Ru) C 
BdR^Ru)^ and Bcris{Ru) C Bak{Ru)- In particular this induces a filtration on A^^:^^{Ru) by re- 
striction. It is proved in |Brit Pf. Prop. 6.2.1] that it coincides with the filtration induced by 
Fil'A^jg i^ via the identification h^^-^^y^{Ru) = A^^^^{Ry). By loc. cit. A^j.^^{Ru) maps to the ring 
BdRiRuV = B^n(Ru)^^[Xi, . . . and due to lBia_Prop. 5.2.5[_we have FiV {B^^(Ru)+) = 
Eso+...s,=rFir'^{BMRu)^^)Xt' ■ ■ -X'/.Jmce A^^^Ru) = Al,^{Ru) {{X^, . . . , X^)}, also the 
filtration on Acris{Ru) induced from BcrisiRu) coincides with the filtration associated to Fil'Acris.M 
via the identification Acris,M(-Rw) = ^cris(-Rw)- Since multiplication by t induces a shift by —1 
on Fil*_B^jg(i?z^) and on Fil'i?cris(-Rw) by [Bri[ Prop. 5.2.1] and [Brll Prop. 5.2.5] and since multi- 
plication by p on BdniRu) is an isomorphism and preserves the filtration, the claim follows. □ 

For every z G N let ^x/Ok ^ Sh(X'^*) be the sheaf of continuous Kahler differentials on the 
etale site of X relative to Ok- Then Vx,m{^x/Ok) ^ locally free sheaf of Vx^m^^x) — ^xli~ 
modules over Xm- The de Rham complex on X defines a de Rham complex Vx^m {^*x/Ok) '^^ 
For every n we get a complex Wx.M.n^o^n Vx^m {'^x/Ok) ^^^^ W„,M^inear maps V*"*"^ : ^x,n,M®o^ 

^*X,m{^X/oJ Wx,n,M V*X,m{^xIoJ- 
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Convention: In order to simplify the notation, for every sheaf of O^"^^- modules £ and any 
sheaf of Cx-modules M we write £ ^ ^o^^" Vx,m{-^)- 

Let d be the relative dimension of X over Ok- Then we have 

Proposition 2.37. The complex Wx,n,M ^Ox ^x/Ok ^^^^^'^^ uniquely to a complex 

-^cris.M > -^cris.M ®Ox ^X/Ok ^ -^cris.M ®Ox ^X/Ok ^ ' ' ' ^ -^cris.M ®Ox ^X/Ok ^ ^ 



with the following property: for every {U, W) G Xm, for m, n and z G N and for x G 

'■U/Ok 



Ker{ex,n){U,W) G Acris,n,M(W, W) and w G fi^/^^ ^"^^ V^+^(xH®a;) = x["^-i]®V^+^(xw). 



Furthermore 

i. the sequence above is exact; 

a. the natural inclusion A^j^^^ C AcHs.m identifies Ker{V^) with A^jg^^; 

Hi. (Griffith's transversality) we have V (Fir(Acris,M)) C FiF"^ (Acris,M) ®Ox ^x/o^ ■^^'^ 
er?/ r; 

. /or every r G N i/ie sequence — )■ FirA^jg — )■ FiFAcris.M — Fir~"^Acris,M 
^x/Ox — ^ -^^^'^ ^Acris.M ®Ox ^x/Ok — ^ " ' ' '"^^^^ ^^'^ convcntion that FiPA 

cris,M Acris M 

/or s < 0, zs exact; 
V. the connection V : Acris,M — ^ Acris,M ^Ox ^x/Ok ^"^ quasi-nilpotent; 

vi. Let U he a small affine, choose parameters Ti, . . . ,Td G R^ and let Fu he the induced lift of 
ahsolute Frohenius to R^. Then Frohenius ipu on Acris,M|w is horizontal with respect to 
i. e., W\uOipu = {vu®dFu) oW\u- 

Proof. The uniqueness is clear. We have to prove that the formula defining V* is well defined. 
By uniqueness it suffices to show it after passing to the subcategory iln,M where W is a small 
affine of X^*. Write Acris,M|u„,M = AL,n,Mlii„,M(^i, • • • as inESH Then Ox,, ®Ox ^x/Ok 
restricted to Hm is a free -module with basis dTi, . . . , dTd and the element X-i G Wx,n(itn,M) 
satisfies V(Xj) = l^dTj. In particular the complex above extends uniquely to a complex 
Acris,M|n„M ®Ou ^u/Ok characterized by the property that V(x|™^) = x|™ ^^®dTi. 

Claims (i)-(vi) can be also checked after passing to iX„,M- Claims (ii) and (iii) follow from 
the formulae given above. Claims (i) and (iv) follow from the formulae and Poincare's lemma 
for the PD polynomial algebras ( |BOj. Proof of Thm. 6.12]). Claim (v) follows remarking that 
W{d/mY = modulo pAcris,M. 

Note that Fu{T,) = Tf so that i^u{Xi) = l®Tf - Tf®l. Hence Mxt"^) = {^®Tf - 
ff®l)''"'\ We compute V{MxT'^)) = (l®Tf - T;^®1) '""'l®V(l®Tf - T;^®1) = (l®Tf - 
ff®l)^'"'^^®dTf = {^u®dFu)V{x\"''^). This proves (vi). □ 
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We conclude this section with a variant of the constructions above considering Tate twists. 
For every integer r define the inverse systems of sheaves of A^.^^ ^ ]y[-modules (resp. A^j.^^ jj ]y[- 
modules): 



and 

For i > 1 define 



Acris,M(r) := {ux,MA^p/P''^p(^))®^pKris,n,M}n 



X/Ok ~^ 



to be induced by the system of morphisms on ux,M,*{'^p/p"''^p{'i"))'^Zp^'cris,n,M®'^x^ 
Ux,MA^p/P"M^))®^Acris,nM®Ox^^/o^ giveu by 1 ® V^-^. Put V(r) := V\r 

We define an exhaustive, separated decreasing fihration on A^jgj^(r) (resp. on Acns.Ml?")) by 
inverse systems of sub-sheaves by setting 

FirAL,M(0 := {u*x,M{^p/p''Mr))®z,Fir-'Kls,nMi^,m 
and 

FirA„is,M(r) := (Z,/p"Z,(r)) ®z^Fif-^A^ ,,,m(Z^, W) 

for every i > r and setting it to be A^jg_^^(r) (resp. Acris,M('")) for i < r. 

Recall that p^^ = {p — G A^^s ■ Thus, p~^ lies in Acrist~^^ and, since it is invariant 

under Gm, it is a well defined element of A^^gj^j^(pr) for every n E N. Define Frobenius 
ip: A^^g_p^(r) — )• A^^g_p^(pr) to be the system of morphisms 



u*x,M{^p/p''Mr))^^Als,nM U*x,M{^p/P''Mr))^^AXn. 
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given by a®6 ^ a®p^^'(p{b). Assume that W is a small affine, choose parameters Ti, . . . , G 
and let Fu be the induced lift of absolute Frobenius to Ru- Then using the same formula we get 
a Frobenius (pu: A^j,;g p^(r)|i^ — )■ A'^^^^ j^{pr)\u which is horizontal with respect to the connection 
V(r)^. 

Lemma 2.38. The filtrations {FiP (A^j^ j^(r)) j^eN [FiV (Acris,M('^))}jGN o'^e decreasing, sep- 
arated and exhaustive. 

LetU he a small affine of X"^^. Then 

FiP (Ru) = Fir-'^Al^^iRu) ■ f and FiV (Aens,M(r)) (Ru) = Fir-"- A^.^Ru) ■ f. 

The analogue of claims (i)-(vi) of \2.37\ hold for the connection V(r) and the system of sheaves 
A7ris,M(^) and Acris,M('") ■ 

Proof. The first and second statements follow from proposition 12.361 The last statement follows 
from the definition and proposition 12.371 □ 
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2.8 The ind-sheaves B^^^ and Bens- 

Generalities on inductive systems. Let A be an abelian category. We denote by Ind(^), called 
the category of inductive systems of objects of A, the category whose objects are 
with Ai object of A and 7^ : A, — >■ Ai^i morphism in A for every i e Z. Given an integer N & X 
a morphism f : A := (^Aij'jij.^^ — > B_ := [^Bj,5j) .^^ of degree iV is a system of morphisms 
fi'. Ai ^ Bi+j^ for i G Z such that Si+jy o fi = fi+i o 7j. Since A is an additive category the set 
of morphisms of degree form an abelian group with the zero map, the sum of two functions 
and the inverse of a function defined componentwise. Given a morphism / = : A — > B 

of degree N we get a morphism of degree N + 1 given by (5j+jv ° /i)iez' This defines a group 
homomorphism from the morphisms Hom'^(A, of degree N to the morphisms Hom^"*"^ (A, 5) 
of degree N + 1. We define the group of morphisms /: [Ai, ^i)-^^ — > {Bj, ^j) ^^^^ in Ind(^) to 

be the inductive limit limjvez Hom^(A, with respect to the transition maps just defined. 

Given any such morphism / we let Ker(/) be the inductive system (Ker(/j))^^^ with tran- 
sition morphisms defined by the 7j's. We let Coker(/) be the inductive system (Coker(/i_]v) -^^ 
with transition morphisms induced by the 5iS. One verifies that with these definitions the 
category Ind(^) is an abelian category. Note that we have a natural functor 

A lnd{A) 

sending A to the inductive system [A, Id)igz which is exact and fully faithful. 

Assume furthermore that .4. is a tensor category. Given objects A :— (Aj,7j)^^^ and B :— 
[Bj, Sj)^^^ in Ind(.4) we define ASiB_ to be the inductive system (Aj^Sj, 7«<8)(^i)iez' ^^^^ 
Ind(^) is endowed with the structure of a tensor category so that the functor A — > Ind(^) is 
a morphism of tensor categories. By abuse of notation given an object B & A we write ASiB 
for the inductive system A^B_ with 5 = (5, Id) . 

Let B be an abelian category in which direct limits of inductive systems indexed by Z exist. 
Consider the induced functor 

lim: Ind(B) B. 
Suppose we are given 5-functors T": B ^ A with n e N. Define 

limT'*: lnd{A) ^B 

as the composite of the functor Ind(^) — )■ Ind(i3), given by (Ai)mz ^ (-^"(^i))iez 

functor lim. 

-> 

Lemma 2.39. //lim is left exact then the functors limT", for varying n e N, define a S -functor. 

—>■ — >■ 

// (T^jngN is universal then also (limT^^^^^ is universal. 

Proof. Due to the universal property of direct limits the functor lim is always right exact. Thus 
the assumption is equivalent to the requirement that it is exact. The claim follows. □ 
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Remark 2.40. One can relax the definition of a morphism in Ind(^) . Consider a non-decreasing 
function a: Z — > Z. Given objects A := (y4j,7j)^g^ and B_ := (^Bj,6j) we define a morphism 
f '■ A ^ B_ of type a to be a collection of morphisms fi'. Ai — > Ba(i) such that /j+i 07^ = 
Y\a{i)<i<a(i+i) ^3 ° /«• dcuotc by Hom"(^, the group of homomorphisms of type a. We 
say that two morphisms / and g of type a (resp. /3) are equivalent if there exists G N such 
that fi composed with B^^i) -)■ 5max{a{i),/3(i))+iv and gi composed with B^^) 5max{a{i),/3(i))+iv 
coincide. One checks that this defines an equivalence relation. We define a morphism A^B_to 
be a class of morphisms with respect to this equivalence relation. The morphisms in the more 
restrictive sense given before inject into this new class of morphisms. Since this complicates the 
notation we will work mainly with the previous more restrictive notion. 

Recall that given an integer r the sheaf A^jgjj^^(r) is characterized by the property that for 
every small affine open U E X^^ its localization A^j^ jy[(r)(i?iY) is the group A^j^ with 
action of Gu,m twisted by the r-th power of the cyclotomic character. Let t := log[e] G Acris 
(see section [L2|) . Fix integers r > s. For every U as above we have a map Aj^^^^j^{s){Ru) — 
-^CTis n m('^)(-^w) of A^jg -module sending 1 h-)- l(g)t['"~'*l. Since they are equivariant with 

respect to the action of Gu,m, these maps for varying U arise from a unique morphism 

jr,s- -^CTis.n.Ml-^) ~^ -^CTis.n.M (^) • 

They are compatible for varying G N and define a morphism of continuous sheaves jr,s '■ ^^is ui^) ~^ 
A^-gj^(r). Define := {r — s)\jr,s- It follows from the construction that jr,s, and hence 
sends FirA^i,M(s) to FirA^^j^Ml^) for 

every n G Z. 

Define B^j^, ^ in Ind (Sh(XM)^) to be the inductive system of continuous sheaves having 
A^jgj^(— r) in degree r with transition maps given by ir-i,r- Analogously for every n G Z let 
FiPB^jg in Ind (Sh(XM)^) be the inductive system of continuous sheaves having FiPA^j^ j^{—r) 
in degree r with transition maps induced by ir-i,r- By construction it is a sub-object of B^j^p^. 
The Frobenius morphisms on cp: A^^g_p^(r) — )■ A'^^^^^{pr) are compatible for varying r G Z with 
Lr-i,r- Using the more general notion of a morphism of inductive systems given in l2.40l it induces 
a morphism Ml,,^^ ^ B.^^.^m in Ind (Sh(XM)'') sending FifB^^^i^^M ^ Fir+PB,^,i3^M- 

Similarly, we define the continuous sheaves ActIs.mI'")- As before we get the inductive systems 
IBcris.M and FirBcris.M, for G Z, in ind (Sh(XAf )^) as the inductive system of continuous sheaves 
having Acris,M(— (resp. FirAcris,M(— ''^)) in degree r. Assume that W is a small affine. Then 
Frobenius (pu: A'^T:isMi^)\u ~^ -^cris m(^^'^)Iw induces, in the more general framework of I2.40[ a 
morphism ipu: BcHs.mIw BcHs.mIw in Ind (Sh(ii',/)^). 

We remark that the morphisms js+p,s for varying s G Z define a morphism j on FiPB^j^j^, 
B^-g j^, FirBcris,M and Bcris,M such that p\j is the identity in the category of inductive systems. 
We deduce that multiplication by p is an isomorphism on all the objects above. 

For notational convention put Fil~°°B^jg ^ = B^jg ^ and similarly without V. As ex- 
plained before, the localization functor on Sh(XM)^, ^ J^{Ru), extends to a functor on 
Ind (Sh(XAf)^) . Put Fil~°°i?^jg(_R^) = B'^j.^^{Ru) and similarly without V. Summarizing and 
using the results of the previous section we get : 

Lemma 2.41. (1) Multiplication by p is an isomorphism on FiPB^^gj^, ^ctIsM' Fil"'lKcris,M one? 

18cris,M ■ 
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(2) For every r G Z U {—00} we have an exact sequence of inductive systems 



> FifB^jg^j^ > FirBcris.M > FiV "'"Bcris,M ^Ox ^X/Ok ^ ^^^^ ^^cris.M <^Ox ^X/Ok " ' ' 

Let U be a small affine, choose parameters Ti, . . . ,Td G and let Fu he the induced lift of 
absolute Frobenius to Rjj. Then, 

(3) Frobenius (pu on Bcns.ivilw horizontal with respect to 'W\u and induces Frobenius on 

(4) nl,,,M(Ru) = BZ,,(Ru) mid B„is,M(^w)_= B,,,,(Ru). Furthermore, FiP {^1,,^^) (Ru) = 
YifBl^^Ru) and FiP (B„is,M) {Ru) = ViYB^^Ru) for every i e Z. 

2.9 The fundamental exact sequence 

Following 1^ §5.3.6] put FilpAcns = {x e FiV Acris\^{x) G p^'A^ns} for every r e N. Let 
^ : FilpAcris — >■ ^cris be the induced map. Note that p'^FiVAcris C FiFAcris C FiVAcns- For every 
n and r e N define the sheaf 

Fil^A;^^^^^^ := (Fil^A„is/p"Fii;A„is) ^w,. W„,^. 

For r = it coincides with A'^ ^ thanks to lemma [2.26l fc). Since W„j7 is fiat as a sheaf of 

cris,n,K ^ ' "i"^ 

IK-modules by corollary ESS FifA'^ ^ defines a subsheaf of Fil°A'^ ^ = A'^ ^. Let 

•J -J » p cns,n,K P cris,n,K cris,n,K 

^iFifA'^ ^^A'^ ^ 

pT P ens, 11, K cns,n,K 

be the morphism defined by ^ on Filpy4cris/p"FilpAcris and by ip on W„ j^. Let Fil^A^^^^^^,^^^ 
FilpA|,^_^ ^ be the morphism defined by reduction modulo on FilpAcns/p"'~^^FiVpAcns and 
^n+iK ^ ^n,K- -^^^p-^lris K associated inverse system of sheaves. Write 

^ for the induced morphism FiEA'^ ^ — )■ A'^ ^. 

p' f p ci-is K cris,K 

Proposition 2.42. Assume we are in the formal case. Then: 

(1) The sequence 

Z/p"Zt^^'> FiFA'^ ^ '-^ A'^ t7 ^ 

' P cris,n,K cris,n,K 

is exact. 

(2) The morphism of continuous sheaves FiFA ^ ^ — )■ FiFA ^ ^ is an isomorphism in 

\ y J- J p cris,K cris,K 

Sh{XM)Qp- 

Proof We start with the proof of (2). It follows from [221 and E^S] that FiF (Acris/p"^cris) ®h/„ 
A ^ T7 — ^ FiFA ^ ^ is an isomorphism. We then get natural maps p'^FiFA ^ — > 

cris,n,K cns,n,K ^ sr i cns,n— r,K 

FiFA'^ ^ ^ FiFA'^ ^ inducing morphisms of continuous sheaves 

P cris,n,K cris,ii— r,K " ^ 

/FiFA'^ ^ ^ FiFA'^ ^ ^ FiFA'^ ^. 

■f^ cris,K P cns,K cns,K 
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This proves (2). 

For the proof of (1) we proceed as in the proof of (Tl Thm. A3. 26]. Following |Fot §5.3.1] 
define /WAcHs := {x e A cTis\v"'{x) € FiFAcrisVn G N}. For every m G N write m = q{m){p — 

1) + r(m) with < r(m) < p — I. Let t^^^ := . f j . It is proven in loc. cit. that 

/[■^^Acris is the closure for the p-adic topology of the A^f-module generated by the elements t^'^^ 
for s > r. Furthermore AcrisZ-^^'^^'^cris is p-torsion free by |Fol Prop. 5.3.5]. In particular the 
decreasing filtration I^^^Acris H Fil^Acris on FilpAcris for s G N, has torsion free graded quotients. 
Its reduction modulo injects into FilpAcns/p^FilpAcris and defines a decreasing filtration on the 
latter. Since W„ is flat as a sheaf of PV„-modules by 12.221 taking <^Wn^nK S^t a decreasing 
filtration on FiFA'^ ^ which we denote by FiF't'lA'^ ^. We write /["1A'^ if r = 0. 

P cris,n,K P cris,n,K cns,n,K 

Write q' := J^^L = i + m| + . . . + M^. it follows from 1^ §5.3.6] that ^1'^"'°'"^^^''° 

is p-torsion free and it is generated as A^^-module by the element (g') ^ ^t^^^ for < s < r and 
by for s > r. Since (p{q') G pA^is, by §5.2.9], the map ^ sends jWAris n FilpA^is to 
I^^^Acris SO that 1 — ^ sends I^^^A^ns H FilpAcris to I^'^^Acns- We deduce that the morphism 1 — ^ 
sends FipWA'^ ^ to jHfoA'^ ^. The conclusion follows from [2231 □ 

P cris,n,K cris,n,K 

Lemma 2.43. The morphism 1 ~ ^ induces isomorphisms 

P cris,n,K cris,n,K 

and 

FipWA'^ ^ JHM'^ ^ 

P cris,n,K cris,n,K 



P cris,n,K cris,n,K 

for < s < r and an exact sequence 

n V +M V P cris,n,K cris,n,K ^ 

P cris,n,K cris,n,K 

Proof. By construction we have Fil!''f'''''^'A'^ = I^^'^^^bA'^. ^ so that the operator 1 — is 

■' P cris,K cris,K ^ p' 

1 ~ P ■ which is unipotent and hence an isomorphism. This proves the first assertion. 

It follows from [El Prop. 5.1.3 & Rmk. 5.3.2] that jWAcns n A+f = {\e\ - l)'A+f and that 

AtJ[\e\ - l)A+f ^ /WA,,i,//[^+iU„i„ x^x- 1^'^ 
is an isomorphism. In particular this isomorphism induces the isomorphisms 



for < s < r and the isomorphism 



t\s\a . n YiY A ■ 

Anf/ U^J ^ Ij^inf ^ Tfl+lM n Pir 4 ^ Aris/-' ^cris, X ^ Xt 

^cris I I -C^ iip^cris 
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for s > r. It follows from §5.2.9] that (l - ^) (^{q'Y = t^'^ mod I^'+^^A^ris for every 

< s < r. We then deduce by base changing via the flat extension Wn — W^-^ that for 
< s < r the following diagram 

W„,W(N'-l)W„,7r "''^"^ W„,^/([e]-l)W„,^ 

cris.n.K ^. cris.n.K 



cris.n.K 



cris,n,K 



is commutative and that the vertical arrows are isomorphisms. The second claim of the lemma 
follows remarking that the top horizontal morphism is the sum of a nilpotent map, given by 
multiplication by g''''"'^ and the map —(f which is an isomorphism due to 12.221 Similarly for 
s = r the following diagram is commutative with vertical arrows isomorphisms 



i 1 

Fir-^A'v _ 1-^ /Mm'v _ 

^ cris,n,K cris,n,K 



P cris.n.K 



K 



The last assertion follows remarking that the top horizontal arrow is surjective with kernel Z/p"Z 
due to corollary □ 

Define Fii;Aj^.^^^(m) as the system {{Zp/f^Z,ir))(S)^FiV~''AXn,M}n F'^^Kis,K the 
inductive system of continuous sheaves FiEA^. jy(m). 

P cns,K ^ ' 

Since multiplication by p is an isomorphism on FirB^._^|^ by 12.411 it follows from proposition 
12.421 that it coincides with FiFB^. ^. The morphism 1 — (p: A'^. TT{—r) A'^. pr) induces 

cris • xv ens xv cris - xv 

a morphism of inductive systems 1 — cp: B^. ^ — y B^. ^. Since multplication by t is an 

^ -J T cris,K cris,K ^ •' 

isomorphism on B^.^ by 13.11 we deduce from proposition 12.421 the exact sequence 

^ Q„ ^ Fil°B^. ^ ^ B^. ^ — > 0. 

cris,K criSjK 

We then get the following commutative diagram with exact rows, called the fundamental diagram 
of sheaves: 

^ Q„ Fil°B^. _ ^ B^. =^ ^ 

cns,K criSjK 

n n I (2) 

(B^. ^)^=i B^. ^ ^ B^. ^ ^ 0. 

^ cns,K' cris,K cris,K 



3 The crystalline comparison isomorphism. 

3.1 Crystalline etale sheaves. 

In this section we assume that X is defined over Ok = W(A;) so that the sheaf Acns.M is defined. 
Recall that we have natural morphisms of sites um- — > X"^, given by (W, W) W, and 
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vm'- X'^^ — > Xm given by W i— )■ {U,W^^)- If L is a sheaf on Xfj, to ease the notation we 
simply write L for um,*{}^)- The aim of this section is to introduce the so called "crystalline 
Qp-adic sheaves" on X^. As explained in proposition 13.71 the definition amounts to a sheaf 
theoretic generalization of the usual notion of crystalline representation, due to Fontaine, in the 
relative setting. We show in 13. 71 that this notion coincides with the notion of "locally crystalline 
representations" introduced by |Bri] in the relative setting. We will prove in lemma l3.14l that it is 
also equivalent to Faltings' notion of associated sheaves. Contrary to these alternative definitions 
which are checked on small enough open affines the present definition has the advantage of being 
purely sheaf theoretic. 

Qp-adic sheaves. By a p-adic sheaf L on X'^j we mean a system {L„} G Sh(X|/^)^ such 
that L„ is a locally constant and locally free of finite rank etale sheaf of Z/p"Z-modules and L„ = 
L„+i/p"L„+i for every n E N. Given two p-adic sheaves L := {L„} and Ai := {A^„} define 
IL-®ZpA^ := {^n^z/p'^z-M.njn and Hom fL, M) := {Hom(L„, A^„)}„. Put 1 = Zp to be the 
sheaf {Z/p"Z}„ with Z/p"Z the constant sheaf. This defines a structure of abelian tensor 
category on p-adic sheaves on Xfj. Define Zp(l) to be the sheaf {/ipn}„ of p-power roots of 
unity. For every m G N define Zp(m) to be the m-fold tensor product of Zp(l). For m < 
put Zp(m) := Hom(Zp(— m), Zp) . For m G Z and L a p-adic sheaf denote L(m) := L®ZpZp(m). 

Define Sh(X]^)Q^ to be the full subcategory of Ind (Sh(X^j)^) (see §2.8p consisting of induc- 
tive systems of the form (L)jg2 where L is a p-adic etale sheaf and the transition maps L — )■ L 
are given by multiplication by p. It inherits from the category of p-adic sheaves on X'^ the 
structure of an abelian tensor category. 

Let L = {L„} be a p-adic etale sheaf. By definition for every (W, W) G Xm we have 
ux,M,*{^n)(J^,y^) = ^^(VV). Since L„ is a locally constant sheaf of finite abelian groups there 
exists W G ^M.fet such that for every morphism (U', W) — > (U, W) in Xm the map L„(>V') — ?■ 
^niyV) is a bijection. In particular ux,M,*{^n) is locally constant on Xm and ux,m,* is fully 
faithful. Similarly if we extend ux,m,* to inductive systems of inverse systems of sheaves we 
get a fully faithful morphism ux,m,*- Sh(X^j)(Qp — ^ Ind (Sh(X^j)^). We simply write L„ for 
UM,*{^n) and L for the inverse system of sheaves [uM,*{^n)} ^ 

If U = Spf{Ru) is affine connected then the localization L„(i?^) as defined in 12.21 is given 
by a free Zp/p"Z- module with continuous action of Qu^^^ which we denote by Vu{hn)- Write 
Vuih) = lim Vuihn). 

oo<—n 

The categories ModiXM)^^ . o-^d ModiXM)^^^^^- Denote by Mod(XM)A^. (resp. Mod(XM)A„is) 
the following category. The objects are systems {Adn}n G Sh(XAf )^ with a sheaf of A^^^ ^ j^- 
modules (resp. A^j.jg ^-modules). Given objects and A^' the morphisms are Hom^^v ^ (A^, A^') 
(resp. HomA^^.^j^(Al, Al')) i. e. the subset of Homgj^|,^^^^f,(Al, Al') which are by definition 
compatible systems of homomorphisms {/„: Al„ — )■ Al^}„gN commuting with the underlying 
structure of A^j^ ^^-modules (resp. Acris.M^niodules) i. e. such that /„ is a homomorphism of 
A|.^g P^^-modules (resp. A^j.^^ ^^-modules) for every n G N. 

Define the sheaf Hom ^v ^(A1,A1') (resp. Hom ^^ ^ ^ (M. .M.')) in Mod(XM)A^. (respec- 
tivey in Mod(XM)yi„is) associated to the pre-sheaf whose sections at (W, W) G Xm consist of the 
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group 

V_ ens, 11, ' ' J TL 

respectively 

Define Ai^^v ^^^A' (resp. A^^AcHs m-^') be the sheaf in Mod(^M)A^. (respectively in 
Mod(XM)AcriJ associated to the pre-sheaf valued < Mn{V(, W)® .'v yyNA^^(W, W) [ on (W, W) G 
X (respectively |a^„(W, W)®a' . (u,w)Mn{U,W)\ ). Define 1 to be the element A^j^ (re- 

L cris,n,M ' J ^ 

spectively Acris)- With these structures both categories Mod(XM)AV and Mod(XM)Acris 
abelian tensor categories. Given any object Af we write J\f{r) to be A/'®a^. ^^'^CTis,M(^) (respec- 
tively Ar(g)A,ris,M^cris,M(?^)- 

Define Mod(XM)B^. (resp. Mod(XM)BcHs) ^e the full subcategory of Ind(Mod(XAf)AV. ) 
(respectively Ind(Mod(XM)A„is)) consisting of objects of the form (A^(— r))^^^ with Ai a fixed 
object of Mod(XM)A^. (resp. Mod(XM)Acris) transition morphisms LM,r,s ■ Ai{s) ^ A4{r) 

are induced by the morphisms tr^s- ^ais,M^^^ ~^ '^CTis,M('^) (and similarly for Acris.M) defined in 
§2.81 Remark that this object is simply the tensor product A^®^^. B^jg (resp. A^®A„islBcris) 
defined in §2.81 Given objects Ai and Af we denote by Hom^v (A^, A/") (resp. Hom^v (Al, A/")) 
the group of homomorphisms in this category. These categories inherit from Mod(XM)A^ 

cris 

and Mod(XM)AcHs structures of tensor categories. 

Consider objects M = {MajaeN and A" = {A'ajaeN in Mod(XM)A7^;^ Mod(XA/)A„is- 
Given integers m and n and a morphism /: Ai{m) — > Af{m + n) in Mod(Xj\/)AV. (respectively 
Mod(XM)Acris) define a morphism of inductive systems (/j : Ai{i) — )■ Af{i+n)^.^^ identifying 
Ai{i) = A^(m)(g)AV, j^A^jg j^(2 - m) and Af{i + n) = Af{m + n)(g)AV. j^A^ig^^^(i - m) and setting 
fi'-=f® Id (and similarly if we have objects in Mod(XM)Acris)- 

Lemma 3.1. The maps above define group isomorphisms 

lim HomAV (Ai(s),A'(r)) — > Hom^v (A4,A'). 

S T^Wj cris,M ^ ^ ^ / cris ^ ^ 

Here, the direct limits on the left hand side is taken via the maps Hom^v ^ (Al(s), A'(r)) — )■ 
Homj^v, ^ (AI(s'), A/'(r')) given by f ^ LAf,r,r' ° f °i-M,s',s for integers s' > s andr > r' . Similarly 
we get an isomorphisms 

lim i/omA„i,,M {M (s), A'(r)) ^ Hom^^^^^ {M,Af). 

Let f G Hom^v [Ai,Af) (resp. in Hom^^^.^[Ai,Af)) induced by a morphism fm,n- Ai{m) — )• 
Af{n) in Mod{XM)tiy. (i^^sp. Mod{XM)Ac,iJ for some m andn G Z. The following are equivalent: 

1) f is an isomorphism; 

2) there are r and s G N and a map hr^s '■ A'{n + r) — y Ai{m — s) such that fm,n{s) o /ir,s is 

LM,n+r,n-s- Af {u + r) Af [u - s) and hr,s O fm,n{+^) iM,m+r,m-sM{m + r) ^ M{m - s) ; 
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3) there exists G N such that for every small affine U G X'^^ and every a G N the map 
A4a(m)(i?iY) J^a{n){Ri() induced by fm,n has kernel and cokernel annihilated by t^ . 

Furthermore multiplication by t is an isomorphism in Mod{XM)B^ . (i"Gsp. Mod{XM)Mc,is)- 

Proof. The first claim follows from the definitions and is left to the reader. The last claim follows 
from 12.41] remarking that any object is of the form J-'®av B^j^ (resp. J-'^A^Hs-'^cris)- 

The equivalence of (1) and (2) is clear. Note that the morphism Ai{m){Ri() — )• Af{n){Ru) is 
a morphism of Acrig-modules so that (3) makes sense. 

(2) =^ (3) Note that M{h)(Ru) = M(Ru) and U{h)(Ru) = -^(Ru) as Acris(^w) -modules 
for every /i G Z (only the Galois action of Qu^m is different). Via these identifications the maps 
Af{n + r){Ru) — )■ Niji — s){Ru) and M.{m + r){Ru) — )■ A^(m — s){Ru) are multiphcation by 
t'+r 

(3) =^ (2) Write M = {Ma}am and A/" := {A/fojfeeN- Consider the map ijv,n+2N,n+N ■ N'{n + 
2N) — )■ Af{n + A^). By assumption for every small affine U G Xm and every a G N the image 
of the induced map on localizations Ma{n + 2N){Ru) — )■ Afain + N){Ru) is zero in the cokernel 
of fa,u{N): Maim + N){Rk) — > Main + N){Ru) induced by fm,n- Hence it factors via the 
image lm[fa,u{N)) of fa,u{N). The map lm[fa,u{N)) lm[fa,u) is muhiplication by t^ and 
hence factors uniquely via JVla{rn){Rii) by assumption. Thus the map Main + 2N){Ru) — > 
Na{n){Rii) obtained from Lf^^n+2N,n by localization factors uniquely via faiA'- AA.aijn){Ru) — > 
Afa{n){Ru). By uniqueness this factorization is ^^^.M-equivariant and compatible for varying Ws 
and a's. In particular it provides a map {/ia,2Ar,o '■ N'a{n + 2N) — )■ AA.aijn)}am with the required 
properties. □ 

Let U G X'^^ be a small affine with Galois group Qu,m- As explained in §2.81 the localization 
functor Sh(XM)^ — ^ -^^PSw m ^ ^ ^{Ru) extend to a localization functor Ind (Sh(XAf)^) — > 
Repg^ Af which we denote by J-" F{Ru)- Restricting it to the categories Mod(XM)B^. (respec- 
tively Mod(XM)Bcris ^^"^ using |2^¥T] they define functors 

Mod(XM)BV^ ^ Mod - Bl,^{Ru) [GumI Mod(XM)B.H. Mod - 5„is(^w) [Qu,m] 

to the categories of i?CTjg(i?i^) -modules (resp. -Bcris(-Rw)-niodules) endowed with continuous action 
of QuM- 

For later purposes we prove the following property of localizations of tensor products. In 
the next lemma we suppose that M is a finite extension of K. Let be a coherent sheaf of 
Oxo,, -modules on X''*. Write A^(g)(c) )FirBcris,M for ®o,,OMn)Fil''®cris,M. 

Lemma 3.2. Leth be ap-adic sheaf onXf'j. Fix r G ZU{— oo}. LetU G X^^ be a small affine. 
If M.[p^^]{lA) is a projective Ry ®Ok Mo-module then 

(Ru) = 7W(W)®R^Fir5„is(i?w) 

in Mod- Bcns{Ru) [Gu,m\- 

Similarly let VyiJ^) be the QuM-i^^pi^^sentation associated to L. Then 

(L®^^Firieris,M) (Ru) = Vy (h) ^Z.FiV B,n,(Ru) 

in Mod - Bcris{Ru) [Qu,m]- 



45 



Proof. We prove the first statement. We assume that X = U. Since A^[p^^] is projective and 
coherent it is a direct summand in a free Ou ®Ok MQ-vcvodvle. We may then assume that Ai [p^^] 
is free. The claim follows from l2.4Tl The second statement follows also from loc. cit. □ 

Let v^^^l: Sh(XM)^ — > Sh(X°*) be the functor {J^n\n ^ hm vx m *{,^n)- As explained in 
§2.81 it induces a functor on the category Ind (Sh(XAf)^) and hence a functor 

VMy- Mod(XM)B„,. — >Sh(X^*). 

Given a p-adic sheaf L on define 

Recall that by abuse of notation we denoted L the continuous sheaf on Xm given by wx,m,*(L). 
Then Dcris,M(L) is a sheaf of Cxmo"^^*^^^^^ ™' Sh(X'^*). Put 



ens 



whenever M is a fixed finite extension of K. 

Lemma 3.3. The sheaf J])^°^{h) is endowed with an action of Gm anc? Dcris,M(L) = (D^;^°(L)) 

since v^^ ^ = Vm,* c 



Proof One has v^^ (h0^A^^,,^^{r)) = t;-"* (/Jj^,^^^ (l®^>,„,,k(' 

^m:k,*- Due to corollaryEJlwe have /3;^-^(A„is,M) = A^^^, ^ so that v'j^"^^ [f3Z,K,* {^^^pKis,K 
coincides with vf}"^^ [(^Zk* ° /35*^(l-®ZpA„is,M(?^))) • It then follows from lemma EH^ii) that 
the module '^^'f f IL(8)2pAj,j,jg j^(r) j is endowed with an action of Gm and that 



<-:(L®^^A„is,M(r)) = t;f:*(L®z,A,„,_K( 

Passing to direct limits on r G Z the lemma follows. □ 
Let U he a small affine of X^^. Then L,n{Ru) is a free Z/p^Z-module by assumption and thus 
the natural map hn{Ru)®i.pKris,n,M^^'^) — ^ (^n^ZpKns,n,M) ^^^^^ isomorphism. Then 

VM,*{Ln(S)ZpKis,n,M)(^) = (u^z, Acris,n) • Then the map h(Ru)^z^A,,i,(Ru)f — > 

lim hn{Ru)^z„A'cnsn{Ru)t^' is an isomorphism for every r G Z since Acris{Ru) is p-adically 

oo<—n ' 

complete and separated and thanks to proposition 12.341 Following |Brij define 

-Deris, M 



It then follows that 

D„is,M(L)(W) ^ /^cris,M(H/(L)) 
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as Ru ®Ok M)-modules and since Qjj acts trivially on t we get 

as i?iY®ci A' -Bcris- modules. Let M be a finite extension of K. It follows that Dcris,M and D^^° define 
functors 

Deris : Sh(X^j)Qp > Modo^gjQ^Mo 

and 

here Ox®OK-^cris stands for Ox®Ok^cvis [^~^] where Ox®OK^cns is the sheaf on X'^^ defined by 
lim iiOx /'p"'^x)® Ok ^cTis) ■ Furthermore we have. 

oo<— n 

Lemma 3.4. Let M he a finite extension of K . The i^iy^o^Mo-modn/e D^J;ig(L) {U) is projective, 
of finite type and of rank less or equal to the rank ofh. 

Proof It follows from [Bri, Prop. 8.3.1] and the identification Dcris{Vu(L)) = Bf^^^{h){U). □ 

Crystalline etale sheaves. Let K ^ M [c K) be a finite extension. Following |01 Def. 1.1] 
we denote by Coh((9x®Ox^o) to be the full subcategory of sheaves of Ox^Ox^o-niodules 
isomorphic to F®Ok-^ some coherent sheaf F of Ox^O/f^Mo-niodules on X. A Qp-adic 
sheaf L = {L„}„ on Xf;^ is called crystalline if 

i. D-,(L) is in Coh(C>x®OAMo); 

ii. the natural map Ocris.L: '^f^is{h)<^(^Ox(&OK<^Mo)^c^^s,M — > IL®ZpBcris,M is an isomorphism 
in Mod(XM)B„is- 

Denote by Sh(Xj^)Q^'^ the full subcategory of Sh(X^)Qp consisting of crystalline sheaves. 
Convention: For any coherent Ox ®Ok C^Afo'^iodule D we write 

Remark 3.5. To make sense of (ii) note that by adjunction we have a morphism 

Recall that O^^^ C is identified with fx,M(^^) by lemma 127131 Using proposition 13.61 we 
know that for m < large the Ox®Ok^Mo~'^^^'^^^ D{m) := VM,*(^^Zp^cTis,Mi^)j i^ coherent 

and its image in Coh(Cx®c'K^o) is ^cris (l^) • Then acris,L is the map in Mod(XM)_B<,ris induced 
by the /m(IL) for m < N. Due to proposition 13.61 and since X is noetherian 

is also isomorphic as inductive system to D ^Ox'^ok'^mq J^cris,M for any coherent Ox ®Ok ^Mq- 
module D such that D®c>m,,^o - Wnsi^) as Ox ®Ok Mo-modules. 
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Proposition 3.6. Let h be a p-adic sheaf. //D^J;jg(L) is in Coh(^Ox®OK-^o) ihere exists a 
negative integer N such that for every m < N the natural morphism 

fim- VM,*(^L®ZpAcris,M("^)) > D^Ji^ (L) 

is injective and is an isomorphism after inverting p as Ox^OK^o^nT'Odules. For any such 
m < N and every small affineU G the Ru^oK^Mo-fnodule ^L(8)2pAcris,M("^) j (W) is 
finitely generated and p-torsion free. 

Proof. Since X is noetherian, if C M is a finite extension and D^Jjg(L) is in Coh.(Ox®OK^^o) 
there exists G N such that is surjective after inverting p for every m > N . Since the 
natural maps "L^i^KcnsM^f) — > "L^i^Kcris^yiis) are injective and f^*^"* is left exact, /i^ is also 
injective. This proves the first statement. 

Since D^Jig(L)(W) is a projective and finitely generated i^z^^Oj,- Mo-module it is a direct 
summand in a finite and free i?tY(8>c)^Mo- module Tmq- Let T be a free i^^^^o^CAfo'Submodule 
of such that T[p~^] = Tmq- Let n G N be large enough so that the image of H/(L) in 
D^;ig(L)(W)(g)A/o5cris(i?z^) C Tuo^MoBcnsiRu) is contained in T ■ ^(S)Ri,^ai,OMo^cns{Ru)- Then 
f Af,* (lL(8)2pAcris,M("^)) (W) is (yu{h)i®Zp^crisiRu)t"^) "'^^ ^ud this is contained in the submodule 

/ ^ \ Su,M 

[T ■ -^^Ri^^a^AcrisiRu)^^ ) 

Put/?' := (Aens(i?w)t'") It is p-adically complete and separated, it contains Ru®Ok^Mo 

and it is contained in (-Bcris(-Rw)^™) = Ru®Ok^Mo[p~^] by [Br?, Prop. 6.2.9]. We claim that 
this implies that there exists n E N such that p"'R' is contained in Ru®Ok^Mo ■ If Ru were a 
complete dvr, the above conditions would imply the claim. In the general case replacing R with 
the localization at a prime ideal V over p and Ru with Ru^v we deduce that there exists rip G N 
such that p"''^ R! C Ru^v'^Ok^Mq- Taking n to be the maximum of all the ups we deduce that 
R' C Ru®Ok^Mo[p~^] and also p^R' C Ru,v®Ok^Mo- Since Ru®Ok^Mo normal we deduce 
the claim. Since T is free /^^^^o^Ca/q- module, we conclude that f Af,* (lL®ZpACTis,M("^)) (W) is 
contained in T^Ok^Mo ' I^ particular it is a finitely generated i^^^^o^^ OAfo"niodule as 
desired. □ 

Let L be a p-adic sheaf on Following |Bri] for every small affine U of X'^^ we say 

that Vu(h) is crystalline if the map Deris (H/(IL))®Ri^-Bcris(-Rw) — > V^(L)(g)Zp-Bcris(-Rw) is an 
isomorphism. Then we have. 

Proposition 3.7. The following are equivalent: 

1) h is crystalline; 

2) for every small affine object U of X°^ the representation Vu{}^) is crystalline; 

3) there is a covering {Ui}i of X'^^ by small affine objects such that Vu^{h) is crystalline for 
every i; 

Proof (1) =^ (2) Due to [H we have (L^z.Bens.ivi) (^w) = Vu{l^)®ZpB,,,,(Ru). Note that 
D^J;jg(L)(W) is a projective i?^^ (8)0^ Mo-module by 13.41 i.e. it is a direct summand in a free 
module. As a consequence of remark 13.51 and lemma 13.21 it follows that the localization of 
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D^;i,(L)(g)(o^cgg^ci„^)Bcns,M is isomorphic to D^^;, (L) (W)®(ij^^o^c>^,^^)5cris(i?w). The imphcation 
follows applying the localization functor to the isomorphism I])^l^^(hj^(^a^^^ Om )^cTm,M — > 

(2) =^ (3) is clear. 

(3) =^ (1) For a small affine open U of X*^* and for a negative integer r let g^^r be the 
natural map 

It is injective by [Brit Prop. 8.2.6]. In particular H/(L) is crystalline if and only if H/(L) is in 
the image of gu,r for some r < 0. We deduce that if H/(L) is crystalline then Vv(IL-) is crystalline 
for every open affine V — )• W. 

Fix a small affine U which factors through one of the UiS. In particular H/(IL') is crystalline. 
Assume that H/(L) is in the image of gu,r- Let V — )■ W be an etale morphism with V affine. 
Let D' C D„is(VV(L)) be the image of Z)cris(Vi/(L)) ^ D^,;^{Vv{l.)) . Since Vi^(L) = 1/v(L), 
then Vv(L) is in the image of g^^r and also Vv(L) is crystalline. The extension i^y^o^Mo — > 
-Bcris(-Rv) is faithfully flat by |Bril Thm. 6.3.8] so that the maps 

(Rv) D^,i,{Vv(L))®R^B„i,{Rv) Vv(L)®z^B,n,{Rv) 

are all injective and the composite is surjective. Thus D'®Rj^R^^ = Dcris{Vv(L)) . This proves 
that V ^ Deris is a coherent Ox„o-module. Since Deris (Vv(L)) = Deris,M (L) ( V) it 

follows that Deris,M(L) \u is a coherent C^^^j,^^ -module as well. We deduce from [01 Prop. 1.2] that 
Dcris,M(L) lies in Coh(Cx®c»x^o) i- e., condition (i) in the definition of a crystalline etale sheaf 
holds. 

We can be more explicit. Take X < as in|3Jl Put D := (H/(L)®Zj,Aris(^w)i!: j and 
V := Vyiju). From the proof of I3.6l it follows that D is a finitely generated Ru ®Ok C^Afo-^nodule 
and by construction D' ®Ok ^ = Dcris,M(lL') (W). Since X is a noetherian topological space, this 
implies that Deris,M(L) lies in Coh.(Ox®OK^^- Consider the commutative diagram 

D®A,,,,{Ru) A D®A,URu) {D/p''D)®A,,,,{Ru) — > 

9u,n\, 9u,n\. gu,N, 

^ V®^^A,,,,(Ru)t^ A r®z,Aris(^w)t'^ ^ {V/pW)®z,A,,,,(Ru)t^ 0, 

where in the first row ® stands for ®(Ri^®o^c'Mo)- Since Acris{Ru) is p-torsion free by [Brit 
Prop. 6.1.10] and is a free Zp-module, the bottom row is exact. Recall that gu^N is injective. 
Since (3) holds there exists N such that V is in the image of gu,N- Then the cokernel of gu,N 
is annihilated by Since for every open affine V G Hr we have Vu{l^) = V\;{L,) we deduce 
that also the cokernel of g^^N is annihilated by Thus the kernel and cokernel of gv,N,n are 
annihilated by . 

Write /tv for the system of morphisms 
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given by adjunction. For every x ElA the stalk ^crisnUx x contains hmy4cris(-Rv)/p"^cris(-Rv) 

' ' ' zev 

where the hmit is taken over all afiine opens V of x. The cokernel of lim Acris{Rv) /p"^cris(-Rw) C 
■^cris.n.M.x is annihilated by any element of I by 12.351 and hence also by t. Since L^^ = H/(IL-) 
and fN,n,x is lim^fy Tv.n on limD ® 74cris(-Rv)/p'^^cris(-Rw)5 we conclude that kernel and cokernel 

of fN,n,x is annihilated by t~^~^^. Since X is a noetherian space and taking a smaller N if 
necessary, we may assume that kernel and cokernel of fN,n,x is annihilated by t~'^'^^ for every 
X E X. Thus the same applies to fN,n and (1) follows from 13.1( 3). 

□ 

3.2 The functors D^^jg and Y^l^^ on crystalline sheaves. 

Assume as before that Ok = W(A;) and let C M be a field extension. The goal of this 
section is to prove in 13.121 that ^clis defines an exact, fully faithful functor, commuting with 
tensor products, duals and Tate twists, from the category of Qp-adic crystalline shaves on Xf^ 
to the category of admissible filtered convergent F-isocrystals on the special fiber of X relatively 
to Mq. We also construct an inverse Yclis the essential image. 

Given a p-adic sheaf L on X]^ and r G Z we get a well defined subsheaf 

FirDeris,M(L) := VAf,*(L®Z,FirBeris,M) CD„is,M(L). 

Put FirD^%(L) := Fil"D„i,K(L) and if fsT C M is a fixed finite extension, FirD^;i3(L) := 
FirDcris,M(L). It follows from that FirD„is,M(L) = (FirDS^"°(L))^". 

Since the connections V(r) : Acris,M(^) — > ^cns,Mi''^)^Ox^x/OK compatible for varying r 
they induce a connection 

Vl: Dcris,M(IL') > Dcris,M(IL')®C'x^X/C'K- 

Given a small affine U of X*^*, write H/(L) for p-adic representation of Qum defined by L(_R^) 
and put 

Due to 12.361 we deduce that via the identification Dcris{Vi((L)) = Dcris,M(IL')(-Rw) we have 
FiV D„i^{Vu(L)) = FirDeris,M(L)(^w) for every r G Z. For every r G Z define the filtrations 

Fir (d-JL) ®(0,«„^Omo) ®cn.,M) := Yl ®{0.^a,0,,,) FilXis,M 

a+b=r 

and Fir (lL®2pBcris,M) := '^^ipP'^^'^crmM by sub-objects in the category Ind(Sh(XA,/)^) of in- 
ductive systems of continuous sheaves. We denote by 

and Gr** (L^^^Bcris m) the r-th graded quotients of the two filtrations (which are objects in 
Ind(Sh(XM)^)). 
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We will assume now until the end of this section that L is a crystalline sheaf on X^. By 
construction the isomorphism 

ttcris.L: D^j;ig(L) ®{Ox®Ok'^Mq) ^^cris,M — ^®1p^cnsM 

has the property that ctcris.L (^Fif ^©^^^^(L) <^(^Ox<&OkOmo) ^^cris.M)) C Fif {h<^ZpMcns,u) and thus 
it induces a morphism Gr^acris.L on Gr^. 

Lemma 3.8. For every r G Z the natural morphism 

f: Gr'^D^JjL) ^iOx^^^o,,,) Gr^Be^s.M Gr^ {mz^M^nsM) 

a+b=r 

is an isomorphism. In particular Gr''Q;cris,L is an isomorphism. 
Proof. The surjective morphisms 



Firo-JL) ®(o,^o,Omo) Fil^'B^is^M FiP (d-JL) 



a+b= 

for s = r and r + 1 induce a surjective morphism 



Gr'^D^JjL) Gr^l,,,3,M ^ Gr^' (d^^JL) Bc^s.m) • 

a+b=r 

The map / is the composite of this surjection and Gr^ctcris.L- In particular to deduce that 
Gr'^Ocris.L is an isomorphism we are left to prove that / is an isomorphism. 

For every integer define D{N) := VM,*(^'^Zp^cTis,Mi-^)^ with the induced filtration. It 

follows from [3J] that 0^+^=,, Gr"D^;i,(L) ^(Ox'S>OkOmo) Gr*Kcris,M is, for sufficiently small 

the inductive system of continuous sheaves ®a+b=r^^"'^i^) ®(Cx®OkCImo) 

Gr'^A cris,M('^) and 

Gr'' (lL®ZplBcris,M) is the inductive system of continuous sheaves L^^pGr'' (Acris,M("^))- Further- 
more / is induced by the natural morphisms 

fm-. Gi^DiN) 

'^(Ox^okOmo) Gr^Acris,M('"^) — ^ L^^^Gr'' (Acris,M(A^ + m)) . 

a+b=r 

To conclude it would be enough to show that there exists a negative integer and morphisms 

Gr^A„is,M(m + N) 

a+b=T 

such that gN+m o fm and fm+N o gm induce automorphisms on the two inductive systems. 

Consider a small affine lA of X*^*. Let H/(L) = L(i?i^) be the associated representation of Qu- 
it is crystalline in the sense of [Bn] thanks toOwith L'cris(V'w(L)) = D^;i,(L)(W). It follows from 
[Bnl Prop. 8.2.12] that it is de Rham with Dak{Vu{1^)) = /^cris(^w(L)) and from (Bnl Prop. 
8.3.2] that it is Hodge-Tate with L)ht(VL/(L)) = GrDdR(H/(L)) = GrL)eris(^w(L)) i.e. we have 
an isomorphism DHT(Vw(L))®{ij,^®o^^,c)Mo)-^HT(-Rw) = Vu(L)®ZpBuT{Ru) as graded modules. 

51 



Using the identifications B]yt{Ru) = Gr (i?cris(-Rw)) (see |Brit Cor. 5.2.7]) and Gr(i?cris(-Rw)) = 
limGrAcris,M('^)(-Rw) (see 12.41]) we obtain that in the following diagram the vertical arrows are 

isomorphisms: 

lim fGrL)(A^)(ZY)®(^^^^ OMn)GrAcris,M(r")(^w)) ^'^^ ViY(lL)®z limGrAcris,M("^)(^w) 

I _ I _ 

Bht(V«(L))® Bht{Ru) ^ Vu{h)(^z,BnT{Ru)- 

In particular since Vu{h) is a free Zp- module of finite rank there exists a negative integer Q 
such that Vu(L) is contained in the image of fQ(Ru). Since GrL)(Ar)(W)[p'i] = GrD^;i,(W) = 
-Dht(Vw(IL')) and the latter is a projective -R^^o^Mo-module by [Bril Prop. 8.3.2], there exists 
/i e N and a free i^w^oK^A/o -module T and maps a: GiD{N){U) ^ T and 6: T ^ GiD{N){U) 
such that 6 o a is multiplication by p^. 
We claim that annihilates the kernel of the natural map 

GrAen.,M(m)(i?i,) ^ D^^{Vum) 

To see this let us first remark that as T is a free Ru ®Ok C^Mo-naodule, the natural map 

T ®(Ru®okOmo) GrAcris,M("^)(-Rw) — > T ®{Ru®OkOmo) Brt{Ru) 

is injective. We have the following commutative diagram in which all the tensor products are 
over Ru ®Ok ^Mo have denoted by AM,m,u the ring GrAcris,M("^)(-R2^). 

GtD{N){U) ® AM,m,u ^ T ® AM,m,u ^ GiD{N){U) ® Am,^,u 

D^r,{yu{l.))®B^^{Ru) ^ T^BuTiRu) ^ D^^iVu^ ® B^^{Ru) 

Let X G Ker(/). Then p'^x = (6 ® l)(a ® l(a;)) = which proves the claim. 
Now we choose the pre- image of basis elements of Vu{L,) in 

(Gr2;(iV)(W)®(^^^^^o,,^)GrA„is,M(Q)(:RiY)). 

This determines a map of Zp-modules (u : H/(L) — > GrD{N){l()^(^R^^^^^OM^-^)GTAcr:is,M{Q){Ru)- 
The composite with the projection onto Vu{L)^XpBnT{Ru) is the natural map a (-)■ a®l. For 
every negative integer m extend (u as a GrAcris,M(^)(-Rw) linear map 

tm{Ru)- li/(L)®z,GrAens,M(m)(i?^,) ^ GtD{N){U)^ 

Then fQ+m{Ru) °tm{Ru) is multiplication by p^ times the shift by N + Q. Similarly, replacing (u 
and tm{Ru) with p'^Cw and pHm{Ru), the composite tm+N{Ru) ° fm{Ru) induces the identity on 
GTD{N)iU) so that tN+m{Ru) ° fm{Ru) is also p'* times the shift by Q + A^. In particular tm{Ru) 
and fm{Ru) define inverses one of the other for the two inverse systems defined by varying m. 

Recall that the composite of C,u with the projection onto Vu{}^)®ij,BYn:{Ru) is the natural 
map a i— >■ a®l. In particular it is unique with this property and it is ^^v-equivariant. This implies 
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that multiplying it by p gives a ^z^-equivariant map Cw- Note that (u determines (u' for any 
small affine W ^ U and since X can be covered by finitely many small affine opens by taking 
N and Q sufficiently small and h sufficiently large and reducing modulo the morphisms C,u 
glue and define a morphism 

C„:L„^GrD(iV) Gr (AV ,„,m(<5)) • 

For every negative integer m we extend it GrA^j,jg p^(m)-linearly to get morphisms 

which are compatible for varying m and n. Let W be a small affine. The composite fm+Q,n{Ru) ° 
gm,n{Ru) is multiphcation by on Vu{L) /p"'Vu{L) = hn{Ru) and hence it is multiphcation by 
p^ times the shift by Q + by linearity. Similarly gm+N,n{Ru) ° fm,n{Ru) is multiplication by 
p^ on GtD{N){V{) and hence it is multiplication by p^ times the shift by + Q by linearity. 
This implies that fm+Q,n ° 9m,n and gm+N,n{Ru) ° c are multiplication by p^ times the shift by 
N + Q. Thus since multiplication by p and shifts define automorphisms of inductive systems, 
we conclude that {fm,n}n and {gm,n}n define automorphisms of inductive systems as claimed. 

□ 

Proposition 3.9. Fix a finite extension K C M . Assume that L zs a crystalline etale sheaf on 
X'^j and take N & Tj as in \3.6[ Then we have 

1) for varying r G N the Ox^^ -modules FiV"D'^l^^(L) define a decreasing, exhaustive and 
separated filtration of FiV^^l^^ih) by locally free OxM^^^'^'^dules having the property that the 
quotient FirD^;i,(L)/Fir+^D^Ji3(L) is locally free for every r G N; 

2) the connection Vl on D^J;jg(L) is integrahle, quasi-nilpotent and satisfies Griffith's transver- 
sality relatively to the given filtration; 

3) the isomorphism Ocns.L: DcrislI-) ^COx^so^Omo) ®cris,M = L^ZpBcns.M preserves the connec- 
tion where on the left we consider the composite of the connection Vl and the connection on 
Kcris.M while on the right we consider the connection induced from the one on Bcris.M which is 
trivial on L. Furthermore it induces an isomorphism, in the category Ind(S'/i(XA/)^) of inductive 
systems of continuous sheaves, on filtrations; 

4) the map D^Jig(L)(8)c)^^^y4cris — > Dcris(^) ^■^ injective and induces an isomorphism after 
inverting t. Furthermore FirD-,(L)go^,^Fil''Acris = (D-i,(L)go„^Aeris) H FirDS^7,(L) 
for every r G Z. 

Proof. 1) follows from [Bri, Prop. 8.3.2]. 

2) follows from |Brit Prop. 8.3.4] using 1331 (which is implicitly assumed in loc. cit.). 

3) The assertion regarding the connection is clear. By construction the given morphism pre- 
serve the filtrations. Since X is noetherian there exists H eZ such that Fil^D^;i,(L) = D^;i,(L). 
Due to Lemma 13.11 the fact that acris,L is an isomorphism implies that there exists N E N 
and morphisms of Acris,M-modules 7^: L®Acris,M("^) — ^ ID)CTis(IL')®Acris,M(^ + compatible 
for varying m, defining the inverse of acris,L- Since 7^ is Acris,M-linear and FirAcris,M("^) = 
(Fir"™Acris,M) ■ Acris,M("^) the image via 7^ of FiF on the left hand side is contained in 
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(Fir-"Acris,M) ■ D^;i,(L)(g)Acris,M(A^ + m) which is D^;i,(L)(g)Fil'^+^Acri,,M(A^ + m) and is con- 
tained in FiI''+^+^(D^;i,(L)(8)Acris,M(A^ + "^))- In particular L(g)FiI'^Bcris,M is contained in the 
image of Fir+^+^ (D-3(L)®Beris,M) via a„is,L. 

We are left to prove that the map induced by acris,L on the quotient inductive systems Fil'^/Fil'^ 
for r < s is injective. Proceeding inductively it suffices to consider the case that r = s + 1 and 
this follows from I3.8[ 

4) It follows from (3) that Df^°(L) is vj^^^ (B'^l^^ih) ®{Ox®ok^mo) ^cris.M^ as filtered module. 
Since D^J;jg(L) is projective as Cx^c'kC'a/o -module it is locally a direct summand in a free 
module. To prove the first claim it then suffices to show that for every small affine the map 

Ru®OK^cris{0^) — )■ (Acris(-Rw) "'^ is iujective and it has kernel annihilated by a fixed power 
of t. This is proven in [ABi Cor. 31]. 

To prove the second statement it suffices to show that the map induced on graded pieces 
Ea+fe=rGr"D^;is(L)§o^,^Gr''Aeris ^ Gr'^D^°°(L) is injective for every r. It follows from |33] 
and the fact Gr"D^J;jg(L) is a projective Ox ®Ok C^Mo-niodule that f^^^ (Gr'' {h®ij^cris,u)^ 
0„+f,=,.Gr''D^;i3(L) ®{Ox®otiOMo) (Gr''Bcris,M) • The claim follows remarking that Gi^A^ris 
injects in v^ ,^ (Gr''Bcris,M) • 

□ 

Let W be a small affine and choose parameters Ti,...,Trf G R^. Write Fu (resp. ipu) 
for the associated Frobenius on U (resp. on Acris,M|u;,J- Define a Frobenius (pr on A^jg j^(r) 
(resp. Acris,M(r)|u',) to be the map p'lS)^ on Zp(r)(g)ZpA^jg (resp. Zp(r)(g)ZpAcris,M|u*,)- We 
then get F^^-linear maps 

Proposition 3.10. Assume that L zs a crystalline etale sheaf. Then we have. 

1) ipu is horizontal with respect to the connection Vl|w i-e., Vl\u°'P\u = (vlu^dFif) o Vl|w, 

2) D:^Jis(L)|w is an etale Fu-module i. e., ipu^l: B^l.^{h)\u0§I^Ou ^ ^clisi^lu is an iso- 
morphism. 

Proof. (1) follows since ipu on Acris.nlw is horizontal by 12.371 

(2) follows since Dcris(I-) is a coherent module B^l-^(L){1() = Deris (Vw(L)) and the latter is 
etale thanks to |Bri[ Prop. 8.3.3]. □ 

Let F be the residue field of Omo and write for U^Ok^- Assume that L is a crystalline 
etale sheaf on X^. It follows from 13.9( 2) and from 13.10] that (D^J;g(L) 1^^, v^w) is a convergent 
F-isocrystal relatively to Omq in the sense of [B3, Def. 2.3.7]. 

Lemma 3.11. Suppose we have two choices of parameters Ti, . . . ,Tfi and T[, . . . ,T^ of R^. De- 
note by Lpu and Lp'y the corresponding Frobenius morphisms on D^J;jg(L) \u. Then (D^Jig(L) \u, ffu) 
and (p^l^^(L)\u,(pli) define the same convergent F -crystals onU^ relatively to Omo- 

Proof. Let Fk and be the Frobenii on Ru defined by the two choices of parameters. Let pi, 
P2'- U Xoj^lA lA be the two projections. The convergent connection Vl on D := D^Jig(L)|z^ 
defines an isomorphism of O^^^-modules e : {P) — ^ Pi {P) on the tube of the diagonal lA — )■ 
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U X U defining the structure of isocrystal on D. Consider F = {Fk, F^) : Uk — ?■ Uk x Uk- 
Then F*[e) induces an isomorphism Fj/(D) — )■ F^(D). The claim amounts to prove that 
f^'u®! = v^w®! o F*{e). Since D is coherent it suffices to verify this on W/^-sections. Write 
D := D(Wa-)- The map e on W is the map D 3 m ^ (^Hti K') - T,®!)^"'^ 

where Ni is the endomorphism of D given by Vl ° see \B0\ Pf. Thm. 4.12]. Thus F*(e) is 

the map sending m®l G Z^^JS^/^zv to J^nem (llti ^f) - Eventually 

ifiu®'^ ° is the map m h> X]neN<* V'" (nti A^r) M®(F/,(T,) - F^,(T,))f"'l. This is the 

expression for ip'jj computed in |Bril Prop. 7.2.3]. □ 

In particular the F-isocrystals defined by (D^J;jg(L) lu, v^w) glue for different choices of Ws and 
parameters and define a convergent F-isocrystal (D^J;jg(L), Vl, 93l,m)- Denote by Isoc(Xf/Mo) 
the category of filtered convergent F-isocrystals. It is a tensor category and it is abelian if we con- 
sider only convergent F-isocrystals (forgetting the filtrations); see |B3t Rmk. 2.3.3(iii)&§2.3.7]. 
For every n G Z define l(n) to be the isocrystal Oxm^ with the connection defined by the usual 
derivation, Frobenius given by p"" times the Frobenius on Oxm^ filtration which is for 
r > n and is Ox^^ for r < n. Given a convergent filtered F-isocrystal S we put S{n) := £®)l{n) 
and we call it the n-th Tate twist of £. We get a functor 

Sh(XS)^7 Isoc(Xf/Mo) 

given by 

L ^ (D-,(L) , Vl, {FirD-,(L) }, ^l,m) • 

Define Isoc(Xif/Mo)^*^™, the category of admissible filtered convergent F-isocrystals, to be the 
essential image of D^Jj^. 

Let £ := {{£, V), {Fif^j^gz, be a filtered convergent F-isocrystal on relative to Mq. 
Due to |B3l Thm. 2.4.2] there exists an Ox®OK^Mo^'^odu\e (A^,V, $) with integrable and 
nilpotent connection and non-degenerate Frobenius such that (A1"^, V"^, is the Tate 
twist V, for some n G N. By loc. cit. such crystal is unique up to isogeny and 

up to Tate twist. Define 

Y:1,M) ■■= Fil° (^M(-M)(-r^)®or^^«o,o„„A„is,K)''^°''"^' G Ind (Sh(XM)^) • 

Recall that we have a fully faithful functor ux,m,* '■ ^^{^m)qp — ^ Iiid (Sh(XM)^) and we identify 
Sh(X£5^)(Qp with its essential image. 

Theorem 3.12. The following hold: 

1) the sub-category Sh{Xf;[)^^ of Sh{X'f^j)^ is an abelian tensor sub-category, closed under 
Tate twists, duals and tensor products; 

2) the sub- category Isoc{Xy/MqY'^"^ of admissible filtered convergent F -is ocrystals o/Isoc(Xf/Mo) 
is an abelian tensor sub-category, closed under Tate twists, duals and tensor products. 

3) the functor D^Jj^ is an exact functor of abelian tensor categories, it is fully faithful and 
commutes with duals and Tate twists; 
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4) the functor Y^l^^ factors via Sh{Xf^)Q^^ and V^Jjg o D^J^g is equivalent to the identity. In 
particular V>clis defines an equivalence of categories 

Sh{Xf,r^l^ = IsociX^/MoT''^. 

Proof. Claim (2) follows from (1)&(3). By construction D^Jj^ is essentially surjective. To ver- 
ify (1) and the rest of (3) one reduces to the case that X = U is small affine. To verify that 
Sh(X^j)Qp'^ is closed under tensor product, internal Hom and Tate twists and that D^^Jj^ commutes 
with tensor products, internal Hom and Tate twists one reduces to the case that X = W is a 
small affine. Using that D^^ig(L)(W) = DcnsiVu(L)) and that D^j;jg(L) is coherent, these claims 
follow from analogous statements for Dcris{Vu{^)) proven in |Brit Thm. 8.4.2]. 

It follows from loc. cit. that if L is crystalline and W is a small affine as in 13. 71 one can recover 
the Qp-representation Vuih) from Dcris{Vu(L)) by the formula 

This is equal to V^,'i,(D^,'i,(L)) (Ru)[p-^] thanks to|Ml This allows to recover L up to isogeny. In 
particular V>cris is fully faithful. Being essentially surjective it defines an equivalence of categories. 

□ 

It is a difficult question to characterize Isoc(Xf/Mo)'^'^™ in Isoc{X^/Mq). If X = Spf((9i^), 
a satisfactory answer is provided in [ CF] in terms of the so called weakly admissible modules. 
In more generality a complete answer exists for admissible filtered convergent F-isocrystals of 
rank 1 thanks to |Brij . Let S := V), {Fir£^}r.gz, ^) be a filtered convergent F-isocrystal 
on Xf relative to Mq of rank 1 i. e., £ is a locally free O ^ip.-module of rank 1. Define tni^) to 

be the locally constant function on X ®Ok locally defined as the largest integer such that 

Firs = £. 

Let U = Spf{Ru) be a small etale open affine of X such that S\u = Ou ®Ok Mqc. Since S is 
an isocrystal we have $(e) = auc with au G Ru®Ok^Mo ^ ■ every connected component 
Ui = Spec{Ru-) of Spec(-Rz^ ^Mq), the element p generates a prime ideal of Ru^ and we must 
have au = p^^a with au. a unit in Ru-. Then the integer t]y{£)(Ui) := does not depend on 
the choice of e and is locally constant on X ®Ok ^Mo- Then we have. 

Proposition 3.13. A rank 1, filtered convergent F -isocrystal £_ is admissible if and only if is 
locally free as Ox ®Ok for the etale topology on X and we have tniS) = tx^E). 

Proof. It follows from 13.71 and |Brit Prop. 8.6.2]. □ 

Finally we compare our notion of a crystalline etale sheaf with the notion of "associated 
sheaves" given in [F21 p. 67]. Let ^ be a filtered convergent F-isocrystal on Xf relative 
to Mq. As explained above we may assume that up to Tate twist it is the generic fiber of 
a Ox^Oii^Mo^'^odvle endowed with an integrable and nilpotent connection and a non- 
degenerate Frobenius. We identify M. with the associated crystal on Xt^/Omq- Given a small 
affine U := Spf(i?^,) of X we write £ {BI,^{Ru)) for M {AI,^{Ru))®a^^B„,, where M {Al,,{Ru)) 

is the value of the crystal on the PD-thickening 6: A^^^-^^{Ru) — )■ Ru- Note that given a mor- 
phism a: Ru ®Ok ^Mo ~^ ^aisi^u) as Omq ^algebras inducing the identity on Ru ®Ok via 
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the projection A^^^^^Ru) — )■ (for example the one sending Tj h-)- Tj) we get that £ (^B'^^^^{Ru)^ = 

®fiw®Ojf CA/o-^CTis(-Rw) — ^{Ru)®Ru<^ojiOM^^B^ns{Ru)- Since is a crystal the first identi- 
fication does not depend on the choice of a. More precisely, given two sections a and a' there is a 
canonical isomorphism between M{Ru)®r^^^^Om,BI\s(Ru) and M{Ru)®R^^^^OM,B^r\s{Ru) 
whose Taylor expansion is defined using the connection on A^. In particular £ (^Bj^^^{Ru)) is 
endowed with an action of Gu^m and Frobenius and since the connection on S satisfies Griffith's 
transversality the filtration on induced from the filtration on £{Ru) does not de- 

pend on a. Let L be a Qp-adic etale sheaf on Xm- Following Faltings one says that L and £ 
are associated if there is an isomorphism 

pu: £{BldRu)) = Vum®zXrdRu) 

of i?^jg(i?e^)-modules commuting with filtrations action of Qu,m and Frobenius for every small 
affine U which is functorial in U. Recall that Vu{h) is the ^^^M^representation L(i?^). Then we 
have. 

Lemma 3.14. The sheaves £_ and L are associated in Faltings' sense if and only if L is crys- 
talUne and = £. 

Proof. First of all we remark that to be associated in Faltings' sense it suffices that there is a 
covering of X by small affines {Ui}i such that we have an isomorphism pi(. for every i and pu. and 
Pu- are compatible on Ui (lUj. By 13.71 we have that L is crystalline if and only if there is a cov- 
ering of X by small affines such that the natural map '■ B>llis{^)i^i)®Ru-(^oiiOMgBcris{Rui) — 
Vui{L)^ZpBcTis{Rui) is an isomorphism. By construction g^- is an isomorphism of Bcns{Ru)^ 
modules and it commutes with filtrations, action of Qu,m, Frobenius and connections. For every i 
take the section cTj: Ru. ®Ok ~^ ^CTis(-^wJ sending Tj — > Tj. It induces the section of the 
inclusion Al,^(RuJ ^ A,,i,(RuJ = Al^XRuM^^T, -_fj®l)j=i_d sending 1®T,- - fj®l ^ 0. 
Therefore it defines a section cTj of B'^.^^^Ru.) — )■ i?cris(-RwJ compatible with filtrations, Frobenius 
and jv/^action (considering on B^nsiRui) the Galois action twisted via the connection). 

If L is crystalline then we get an isomorphism py. := a*{gu.), compatible with all the sup- 
plementary structures and L and D^J;jg(L) are associated. In the other direction, assume that L 
and £ are associated. Write £ (-Bcris(-RwJ) for Ai (Acris(-Rw)) ^^cris-^cris where Ai (Acris(-Rw)) is the 
value of the crystal Ai on the PD-thickening Acris{Ru) Ru- Since is a crystal by definition 
|BOt Def. 6.1] we have canonical isomorphisms £^(i?cris(-RwJ) — £^)®Ru®o OMoBaisiRui) and 
£{Bcr\s{Rui)) - ^{B7risiRu,))<^Bj^.^(Ru^)Bcns{Ru,) of Ecris (-RwJ-modules. Being canonical they 
commute with the ^^^^M^action and Frobenius. Since the connection on £ satisfies Griffith's 
transversality the isomorphisms preserve also the filtrations. Define gu^ to be the extension 
of scalars of pu. using the second isomorphism. It follows from the first isomorphism that 
D^J;jg(L) = £^ as filtered convergent Frobenius isocrystal. In particular L is crystalline. The claim 
follows. □ 

3.3 The cohomology of crystalline sheaves. 

As before we assume that Ok = W(/c) and we fix a finite extension K G M contained in K. 
Let X be a smooth p-adic formal scheme over Ok- 
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Theorem 3.15. We have canonical isomorphisms of 5- functors from Sh{Xf;j)'^^ to the category 
of filtered Bcris-nT'Odules endowed with the action of Gm (^nd Frohenius 

for L a crystalline Qp-adic etale sheaf. In fact for every r & Z we have isomorphisms of 
Bcris-nT-odules which are GM-^Quivariant and compatible for varying r's and compatible with the 
previous isomorphism 

The cohomolosry H^fjC-^^, L ® FiFB^. of the inductive system L ® FiFB^. ^ is taken as 

\ cris,K/ cns,K 

explained in §2.81 for every r G ZU {— oo}. 

The cohomology group ]HI*(X'^*, FiF^*D^^°(L) ®Ox ^*x/Ok) ^^^^^ the foUowing. Recall that 
for every r G Z we have a complex of sheaves on X denoted Fir~*D^^°(L) ®Ox ^'x/Ok given 
by 



FirD^S(L) A Fir-iD^-(L) ®Ox n]c/o. A Fir-^D^-(L) ^'x/o 



K 



We denote by H* [X'^^, FiV *D^J:°(L) ^*x/Ok) ^"^^ hypercohomology group of the respec- 
tive complex. 

The filtrations: For r E Z the r-th filtration of H^j^(X'^*, D^^°(L)) is by definition the image of 
W{X^\ Fir—D^'°(L) ^x/Ok) ^^^^^ ^"^^^ fihration on ff (X;^, L®Zj,B^,iJ is the image 
of {ff (X^,L®^^FirB,^J}^. 

Galois action: The Galois action on H^pj^^X'^*, FirD^^°(L)) is induced by the Galois action 
on D^J:°(L) defined in I3.3[ The Galois action on H*(X;^, L FiFB^.^^^) arises as follows. Since 
is exact and sends flasque objects to flasque objects by 12.141 and [Alt Pf. Prop. 4.4(4)] 
and since /^^^-^(L^FirA^^i^ j^) = L®FirA^.^j^, one can compute ff (X;^,L ® FifA^.^ taking 
global sections of the pull-back via P^jj^ of an injective resolution X* of L^FiFA^jg j^. Since 

^,*{/^*m,k(^'^) = ^Af,* ° /^*m,k(^')) and I^M,K,* ° P*m;k^^') is endowed with an action of 
Gm, we get the claimed action of Gm- 

Frobenius: The Frobenius on H* (X-^, L^^p^CTis) is induced by Frobenius on B^j^. Frobenius 
on H^j^(X'^*, Df^°(L)) is constructed as follows. Fix a covering of X by small affines lAi for 
i E I, and for each of them choose parameters Tj i, . . . , Tj G -R^ . This choice provides a lift of 
Frobenius Fi on each Ui as the unique C^^inear map sending Tij Tfy Fix a total ordering 
on I. For every non-empty subset J C I put Uj := Yliej^i formal schemes over Ok and 
U"^ := Hi^jUi. Note that U"^ C Uj is closed in an open Uj C Uj. Let Uf^ be the p-adic 
completion of the W(fc)-divided power envelope of Wj with respect to the ideal defining Uj^ . Let 
Fj := Hiej Ff.Uj ^ Uj. It induces a morphism Fj : U"^^ Uf^. Note that Uf^ and Fj define 
a complex for varying J. 

Put D(L)j := B{L)\upn and let <l>j: D(L)j D(L)j be the Fj-linear morphism defined by 
the non-degenerate Frobenius morphism $ on D(L). For varying J we get a morphism of double 
complexes 

D(L). fi;^.,o^®Acris ^ D(L). ® ^^;^.,o,,®Acris. 
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We have natural morphisms lA — t- lAj of PD thickenings of lA^ which are compatible for varying 
J. It follows from the crystalline Poincare lemma |BOt Th. 6.14] that the induced morphism 

D(L)j ® Q*^^^^^ — > D(L)|^,. ® Q^, ,,^ 

is a quasi isomorphism. Thus the cohomology of D(L), ® f^^, ^j^^-Bcris is the cohomology of the 
double complex D(L)|z^. ® fi^. ^^^-Bcris i-e. of the simple complex D(L) i73s:,c'^®-Scris- Taking 
cohomology and using this identification, we get from $, * the Frobenius map 

ip: (Sh(X^*)^,D(L) ® n^,a^§5eris) (Sh(X^*)^,D(L) ® n'^^a^^B,,,,) . 

Since B^^°^{h) ^ B(h)0B^,i^ we get the claimed Frobenius on Hju^(X^*,Df°°(L)). 

Remark 3.16. By construction ff(j£;^, L ® A^._^ ^^(m)) = (X;^, L ® A^.^ as Acns-modules 
and for n < m using this identification the natural morphism H*(X7^, L (x) A^._^j^(m)) — )■ 
(Xt^, L ® A^.^ is simply multiphcation by t™"" on H^(X7^, L ® A^.^ j^). Thus 

(X^, L ® B^^.^^j^(m)) = H" (X^^, L ® Aj^.^^^^) ^cris- 
In particular we can replace the expression on the right in the statements of theorem 13. 151 

We show first how to calculate explicitly the sheaves Wv^^^ (L®ZplBj,j,jg j^) for a Qp-adic etale 
sheaf L over according to the conventions of §2.8[ 

Computation of iVv'^^l via continuous Galois cohomology. Consider an inverse system of 
sheaves J-' = {J-'n}n G Sh(XM)^- Then for every U connected and etale affine over X consider 
the inverse system {J^n{Ru)}n € ^^p{Gum)^ ■ Recall that we have defined the localization 
J^iRu) '■= lim J^n(Ru)- Given an abelian category A in |AIt §5.1] general results for the 

category of inverse systems are recalled. In particular if A admits enough injectives then 
also A^ has enough injectives. For example one can derive the functor associating to an inverse 
systems of discrete ^z^j,^-modules G := the abelian group (limoo^n Gn)^"'^^ and we get 

a 5-functor H* {Qumi^)- system G is Mittag-Leffler this is shown to coincide with the 

usual continuous group cohomology. In particular given = {J-'n}n ^ Sh(XM)^ we can define 
^Ga.i{-^) be the sheaf associated to the contravariant functor sending U, a connected and 
etale affine over X to H* {Gumj {J^n{Ru)}n) ■ We also have the sheaf R"'Vm,*{J^) on X'^* obtained 
by deriving the functor J-" i— )■ lim Vx,M,*J^n- Then we have. 

Lemma 3.17. For every n G N there is a functorial homomorphism of sheaves 

/„(^):Ha,,(j-)^R"t;M,4^)- 

Proof. This is a variant of |Errt Lemma 3.5] which is stated and proven for sheaves on Xm- 
We provide the main ingredients. Let Hm be Faltings's site associated to U. We then have a 
morphism of sites ju: Xm — ^ sending (V, VT) i— )■ (V Xx_U,W XxU). It induces a mor- 
phism ilf-. Sh(Xj\/)^ — )■ Sh(ilA4-)^ which admits an exact left adjoint iu\ given componentwise 
by extension by zero. In particular one deduces from this as in |Err[ Lemma 3.5] that the 
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sheaf T"(J^) associated to the pre-sheaf U t-)- H"(ilM, is a universal 5- functor. Since 

H°(Um,Jw(^)) = HO(W,t;M,,(J^)), we conclude that T'^(J') = YC'vM^.iJ^)- 

Note that H"(ilM,-) is the composite of the localization functor J-" i— t- {J^n{Ru)}n with 
H° {Qum^-)- The induced spectral sequence provides H° {Qum^ {^n{Ru)]n) — > H"(ilM,iw(-^))- 
Composing this with the morphism to T^{J^)(U) = R"'VM,*{J^)(p() we get the claimed map. □ 

In |Errt Lemma 3.5] it is shown that if we work with sheaves on Xm, not with continuous 
sheaves, the above map is an isomorphism. This is not true in the general context of continuous 
sheaves. Assume that M = K then we have the following: 

Proposition 3.18. For every n E N the morphism fn{J^) has kernel and cokernel annihi- 
lated by any element o/ I^* where I is the ideal introduced in 5231 in the following cases: (a) 
^ ■■= {W„,7r}„; (b) T := {Ox„/p"0XM}n; (c) T = A^^,^^^{m) for every m G Z; (d) 7 = 
Gr''A^j,jg j^(m) for every m and r G Z. 

Proof. The proposition follows from [All Thm. 6.12] after minor changes if the assumptions of 
loc. cit. are satisfied. The statement in loc. cit. provides an isomorphism after inverting [e\ — 1 
and working with the pointed site X^. An inspection of the proof gives our claim. First of all 
the proof works for and not only for using |Err| Lemma 3.5] which is the analogue of 
|AIt Prop 4.4] for X^^ instead of X^. Secondly the two cohomology groups are related by two 
spectral sequences, one in |AH Formula (19)] and the other in |AIt Prop. 6.15] and the proofs of 
|AIt lemma 6.13 & Prop. 6.15] show that each degenerates if we multiply by any element of P 
and not only after inverting [e] — 1. 

We now verify that the assumptions hold. Assumptions (i) and (ii) state the existence of 
enough small affines of X. The fact that the other Assumptions hold for {W^;^}„ and for 
■= {Oxj,j/p''Oxj,,i}n is precisely the content of [Ml Thm. 6.16(A)&(B)]. We pass to A^^;, j^(m). 
Assumptions (iii)-(vi) concern the behavior of the sheaves J^n restricted to the subsite il^^^ of 
X-fF forn for every small U of X*^*: see 12. 6 1 for the definition of ii-w „■ Since A' . ^(m)L— = 

^ ' PL,n cris,n,K^ ''"■K,n 

A^ ^(m)|<i_ (Xi Xri) bv lemma [233] this is a sheaf of free A ^. ^(m)L_ -modules. On 

cris,n,K^ ''"■K,n\ ^' y a./ J i 1 cns,n,K^ ''l-"if,n 

the other hand A^.^^ ^^(m) = ^cris/p"^cris®W„j^ by lemma [2^261 We conclude since assumptions 
(iii)-(vi) hold for the continuous sheaf {W„;^}„. 

The statement concerning Gr'^A^^.j^ j^(m) is proven similarly. We have 

FirA^^.^^^^_^(m) = FiP° (A.Hs/pM^is) ®W„,^|a^ ■ ■ ■ X^' 

SQ+...+sj>r-in 

with Xj := l0Tj — Tj^l. In particular 

is a free ^-module. Since the Assumptions of loc cit. for the inverse system 

{C^M/P^^XA/ln satisfied we are done. □ 

Denote by W{m) (resp. W{Fir , m), resp. 'H*(Gr'', m)) the sheaf associated to the contravari- 
ant functor which associates to a small affine open U = Spf{Ru) of X®* the value 

^'{Ou,K^Ans,Ki'^)(Ru)), resp. ll'{g^^-j^,FirA^^,^^^{m)(Ru)), resp. K{g^^K,GfA^^,^^^{m)(Ru)). 
The cohomology considered is the continuous Galois cohomology. Then we have. 
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Lemma 3.19. For every r E N and m G Z we have morphisms W{m) — )■ Hq^^j {^K^^-^^^{m)) , 

W{GT'',m) — ^ ff^ai (Gr"A„i,K(^)) and W{Fir,m) (FifA^i, which are com- 

patible with the maps induced by the projection FiV — )■ Gr'' and have kernel and cokernel anni- 
hilated by I. 

Proof. It follows from lemma 12.291 and lemma 12.351 that the inverse system of ^^^M-modules 
A' . ^(m)(Ru) is contained in the localization A' . jTim))(Ru) for every small affine W of X 

cris,n,K^ ' cris,n,K^ j / \ j j 

with cokernel annihilated by any element of I. This provides the first morphism and the claim 
regarding its kernel and cokernel. Similarly using the description of Gr'^A^^.j^, j^(m) given in the 
proof of 13.181 we deduce that Qy^ A^^^^ ,^^{Ru) is contained in Gr'"A^j.;g ^ with cokernel 

annihilated by I. This provides the second map and the subsequent statement. Using induction 
on r and the fact that Gr'' = Fir/FiF"^^ we deduce that also FSS!' A^^-^^^ySJ^u) is contained in 
FirAj,j,jg with cokernel annihilated by I. This gives the last morphism and proves the 

assertion concerning its kernel and cokernel. □ 

Corollary 3.20. Let Ai be a coherent Oxji^fnodule such that for every small affine U the 
Ru®Ok^'™''^'^^^^ M.{U)®Ok^ ^■^ projective. We view M. as a sheaf on X-j^ via v^. For every 
r G Z U {— C)o} we have: 




ifj>l 
'^M if J = 



Proof. Note the we have a natural map FiVBcns^M — > v^"* [FiVM ■^^o'^n M). Thus both 

statements are local on X. We may then assume that X = W is a small affine so that M.®Ok^ 
is a direct summand in a free Cx^'^odule. Since Wv^^^ commutes with direct sums we may 
assume that M.®Qj_^K is a free module and we are reduced to prove the corollary in the case 
that M. = Ox- Fix integers m and r G Z with m < N. We start by considering the following 
statements: 



a 



there exists a G N depending on r — m such that Wv^^^ (FiV A^^^^j:^(m)) is annihilated by 
rifj>l. 



(3) there exists c G N, depending on a, such that the kernel of Wv^^^ (FiV A^^^g -^{m — a)) — > 
Wv^^^ (Fir~"A^j.ig j^(m — a)) is annihilated by p'^ for every j > I. 

7) the map (8)Fir'Acris — ^ v^^^ (piV A^^^^^^o'^n J\A^ is an isomorphism for all r. 

First of all we remark that these statements imply the corollary in the case that Ai = Ox- 
Indeed together with 13.11 these claims imply all the statements of the corollary except for the 
vanishing of R^v^'"^ (h'^ZpFiVM^j.^^^'^a^M) for r G Z and j > 1. Note that the image of the 

continuous sheaf FiFA^j.^^ j^(m) in FiF'^A^j.^^ j^(m — a) is ■ Fir~"A^j,;g j^(m — a). It follows from 
(a) that the map 



WvT^^, (FirA„.,_K(^)) ^ ^'VT^,. (FirA„i,,K("^ - a)) 
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factors via the kernel of the map 



which is annihilated by p'^ by {(3). Since multiplication by p is an isomorphism on FirBcris,M by 
[Tin also the vanishing of R^v^""^ (PifB^,;, kAI) for r G Z and j > 1 follows. 

Now we start proving the statements a),/3),7). In view of 12.361 to prove statement (7) we 
need to prove that for every small affine the map Ru^FiVAcns — > Fil'^^cris k(-^w)^"'^ 
isomorphism. This follows from \AB\ Prop. 41]. 

Recall that FirA^j.jg j^(m) = Fir~™'Aj,j,;g as continuous sheaves on X-^. Thus, we may 
also assume that m = 0. Given r G N, since f G FiFAcris, the cokernel of the inclusion 
FirA^j,jgj^ C A^j,;gj^ is annihilated by f. Hence it suffices to prove (a) for r = 0. Recall from 
Othat't G I since t = {1 - [e])u with u a unit in A^ns by [Fo, §5.2.4&§5.2.8(ii)]. Then claim 
(a) follows from proposition I3.18[ lemma 13.191 and the fact that H*(^^ j^, ^4^,^,^^ j^(i?z^)(m)) is 
annihilated by (1 - [e]) 2(^^+1) F proven in corollary |AB| Cor. 24]. Here d is the relative dimension 
of X over Ok- 

We are left to show Proceeding inductively on a it suffices to show that for every r G Z 
and every n G N the cokernel of the map R^-^^""^ fpifA' . ^) R^-h^""' (cfA' . ^) is 

^ K ,* \ cris,K J K,* \ criSjK J 

annihilated by a power of p (independent of n). Consider the commutative diagram 

W-\Fir,m) W-\G/',m) 

I i 
j^j-i^cont ("pirA' . ^) R^-^v^''' fCr'A' . ^) ; 

K,* \ cns,K J K ,* \ cns,K J ' 

obtained from 13. 18) and lemma 13. 191 For every small affine W, the map 

has cokernel annihilated by a power of p by |ABl Pf. Lemme 36]. This also applies to the 
associated sheaves i.e., to the map 'H-'~^(Fir, m) — > W^^{Gi^\ m). The right vertical morphism 
in the diagram has kernel and cokernel annihilated by by proposition 13.181 and lemma 

13.191 We conclude that the same applies to the cokernel of the lower horizontal arrow. The 
conclusion follows. □ 

Proof, {of theorem \3.15^ Thanks to lemma [2.4H if L is a p-adic sheaf sheaf, the sequence 

(*) ^ mzFinl^^^^ L®^^Firi„,,,K ^ L®^^Fir-^B_,K ^x/o,, 



is exact for every r G Z. Due to 13.91 the complex L^ZpFif 'Bj,^ig ^x/Ok isomorphic to 

the complex Fir"'(D^°°(L) ^Ox'Sio^^cri, ®cris,K ®Cx ^*x/Ok)' "^^^^ provides an isomorphism 

W (X^, L ® FifBy^^^^^) ^ W (X^, Fir- (Df,Ts(L) B_,k ^x/o.)) • 
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Here we view Fir~'(D^^°(L) ^Oj^i^o^AcHs ^^cris,K ®Ox ^*x/Ok) inductive system of com- 

plexes of continuous sheaves Fif"' (D^]:° (L) ^Ox^o^A^vis '^cris,K("^) ®Ox ^*x/Ok) ^"^^ ^PPly the 
construction of definition l2.8l to the continuous hyper-cohomology H* (X;^, _) of these complexes. 
It follows from corollary |3^ that Fir~*(D^]:°(L) ^Ox^oK^^^i^ ®cris,K ®Ox ^'x/Ok) acychc for 
and that its image via v^^^ is FiF^* (D^|:°(L) ®Ox ^'x/Ok)- Thus, we have an isomorphism 



VJ7 



W {X^\ Fir-Df-(L) ®Ox ^X/O,,) ^ i^K. Fir-(Df,Ts(L) ®Ox^a,A... Bcns,K ®Ox ^'x/o^) 



Compatibility with Gm -action: These are isomorphisms of (jM^modules with G^^structure 

^ -( 

cris,K ^ 



given as explained after the theorem resolving L®FirA^.^^(m) (resp. L^z^Fif '^cris,Ki™)^Ox 



^x/Ok^ with the pull-back via of an injective resolution of L^FiFA^^g f^(m) (resp. of the 
complex L(g)2;pFir~'Acris,M("^) ®Ox ^x/o^)- 

Compatibility with Frobenius: Fix a covering of X by small affines Ui, for i G / and for each 
of them choose parameters Tj^i, . . . ,Ti^d ^ Ru^- For every subset J C / let C Wj C Uj be 
as in the notation introduced after theorem I3.15[ Let ii^ be Faltings' site associated to U"^ and 
consider the continuous morphism jj: X^^ — )■ il^ sending (V, VF) to (V, PF) X(x,Xk) Mk)- 
The inverse image j} of a sheaf on Xj^ is the restriction of J-" to ii^ viewed as a subcategory of 

Define A^j^^^^ „ to be the W(A;)-DP sheaf of algebras in Sh(il^) of Ainf^^^^^^ with respect to 
the kernel of 

w„ (o^/po^ o^/p-o,j^ 

\ K kJ K K 

defined by 6*^/. Its existence is proven as in §2.5[ Since Oyj_ = Ox-j^\sjj_ we have a natural 
morphism 

and it follows from loc. cit. that such a morphism is an isomorphism. Define Acris,Wj,n as the 
W(A;)-DP sheaf of C^/o-algebras of W„ [0<^/pOsjj^ ®w„(fc)'^w.j.(^Wj) with respect to the kernel 



K 



K 



of the morphism of O^yo -algebras 

defined by the O^^j-linear extension of Om- 
Lemma 3.21. The sheaf Acris,Uj,n exists and 



where Xij := 1 ® Tjj — Ti j ® 1 for every i & I and every I < j < d. For every h & J one also 
has an isomorphism 

Acris,Wj,n — j J (Acris,X,n) (^i^l^ • • • 5 ■^id / r 

where Y}j\ for i E J with i ^ h and for 1 < j < d are regular elements generating the ideal 

defining the closed immersion U"^ C (Uh ^Ok ^i)" ■ ^'^ po-fticular Kcris,Uj,n is a free j}[Acris,x,n)- 
module. 
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Proof. The existence of the sheaf and the formula for its restriction to is proven as in §2.61 
A similar argument implies the last formula over iX^. A descent argument allows to conclude 
that the formula holds also over il"^. The last statement follows from the properties of divided 
powers: a basis is given by monomials in the elements 7^ (^/^^) for j G N, 1 < £ < d and i G J 
but i ^ h taking 7^ to be as in §1.2j see §2.61 for details. □ 

Let A^i, ^^„ (resp. Aeris,j,„) be jj,, [^Zis,uJ,n) (^^^p. jj,, (A„is,w/,„))- Define A^j^ j (resp. Acns.j) 
as the system {A^j^ j ,^}^ (resp. {Acris,j,n}„) and B^jg j (resp. Bcris.j) for the inductive systems 
given by multiplication by t. We also write Bcris.j^o,^^ ^Uj/Ok inductive system, with re- 

spect to multiplication by t, associated to the push- forward via jj,* of Acris,Wj®c)"nt)^j —(fi^^^^^). 
We then get a long exact sequence of continuous sheaves 

> ^Zis,J ^ ^cns,J ®Ouj ^Uj/Ok ^ 0- 

The exactness is proven as in proposition 12.371 using the first description given in lemma 13.211 
These complexes are compatible if we vary J. In particular we get a double complex Bcris,. ®Ou, 
^u./Ok "^Lich is equivalent to the simple complex B^j^ Since the Wj's cover X the sequence 

is exact. Using [2l26] we deduce that the sequence 

— ^ B^. ^ B^. . — ^ 

cris,K cris,» 

is also exact. Consider the commutative diagram 

i ' i • 

Since the rows are exact and the first column is exact it follows that the complex L®2pB^j,;g 
^*x/Ok quasi-isomorphic to the double complex L®ZpBcris,. ^Ou, ^u,/Ok' latter the 

Frobenius maps Fj on Uj and Frobenius on A'^^ j define a morphism of complexes 

compatible with Frobenius on L^^pB^.^ Let D(L) be the Frobenius crystal associated to 
D^J;jg(L) (up to isogeny); see the notation following theorem 13.151 By definition of crystal the 
C^PD-module D(L)j := D(L)|^pd together with Frobenius and connection, coincides with the 
pull-back of D^J;jg(L) via the h-th projection vr/^: U"^ — )■ Uh- We have 



Lemma 3.22. The Oypii®B ens- 'module D(L) j(8)i?cris together with Frobenius and connection, 



coincides with f^^^ {h®i^Mcris,j) with the Frobenius and connection induced by those on Bcris.j- 
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Proof. By definition of crystal D(L) j coincides witli tlie pull-back of D^J:jg(L) via the h-th pro- 
jection TTh'. U'^ — Uh- In particular O^^pd = nliOu^) ( f/^ "* , . • • ? / compatibly with 

Frobenius and connection; see lemma 13.211 for the notation. Due to the second description in 
13.211 we get that ^ (lBcris,j) — Oum^Bcris compatibly with Frobenius and connection. Since 
L®ZplBcris,j = L®Zpj}(lBcris,x)® z'™ N ® ©cris.j by lemma [MD and L is crystalline, we con- 

3 J ^^cris,X J 

elude that v^^^ ^ of the former coincides with D^^|^ (L) ® ^ / \ C^^^pd compatibly with Frobenius 
and connection. This coincides with D(L) j(8>i?cris and the claim follows. □ 
By adjunction we get a morphism of complexes 

which is compatible with the Frobenius morphisms defined on the two complexes. We deduce 
that the morphisms 

are compatible with the Frobenius morphisms defined on each cohomology group. By construc- 
tion the group Hjij^(X^S D^^'^°(L)) is B.^^{X''\B^l-^^(L) n*^^^^^B^ris) ■ The compatibility with 
Frobenius follows. □ 

3.4 The comparison isomorphism in the proper case 

Let us now assume that our formal scheme X — y Spf((9/^) is the formal completion along the 
special fiber of a proper and smooth scheme X*^'^ — > Spec{OK)- We have a morphism of sites 
fiM- ^tt^^ — ^ associating U (-> Uk where U is the p-adic completion of U. Given a sheaf 
L G Sh.{Xf^''^^) we write L for /i^(L). Define Sh(X^^'*'*)Q^'^ to be the category of Qp-adic sheaves 

on Xff whose images via yU^^ lie in Sh(X^)Q^**. Given an object L in Sh(X^|^''^*)Q^'^, we abuse 
notation and write D|^J;g(L) for the filtered locally free Oxmo^^*-"^^^^ with integrable connection 
on Xff^ associated by rigid analytic GAGA to the isocrystal D^^ig(/i^^(L)) . We also identify, for 
i > the de Rham cohomology groups H^j^ ^X^}^'^'^'^, D^J;ig(L) j with the rigid cohomology of the 
F-isocrystal D^^ig(/^^(L)) to get a Frobenius structure. Then we have. 

Theorem 3.23. There is an isomorphism of 5-functors from Sh{X^''^^)'^^ to the category of 
filtered Bcns^modules endowed with Gm -action and Frobenius: 

ff (xJS'^*,L)®^^i?„,i, = H^„g (X/Mo,D-jL)) ®M„i?„,s. 

Here H^j.^^, (X/Mq, D^Jjg(L)) is the crystalline cohomology of the filtered F-isocrystal D^^";g(L) 
in the sense of [B3| . It is endowed with Frobenius. As it coincides with H^j^ ^X^^^, D^Jjg(L) j = 

HdR (^^Mo' -"^crisl^) j ; is endowed also with the Hodge filtration. The theorem implies the 
following corollary: 
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Corollary 3.24. Let h be a crystalline etale sheaf on Xff. Then H*(X-^^''^*, L) is a crystalline 
representation of Gm CLnd H^j^ ^X^}^, D^^js(L) j is, as filtered M^-vector space endowed with 

Frohenius, the classical Derm ^H*(X^^'''*, L) j associated to the G M^i^&pf&sentationW [^X!^'^^ ,1^ . 

We start with the following: 
Proposition 3.25. The natural map 

H^,i, (X/Mo, ,(L)) ®Mo 5cris — > ff L ® Ml^^^) , 

deduced from the isomorphism I^f^-^^{h)® MoB^ns — DcSl^) of \3.9\ and from the isomorphism 
in \3.15\ is an isomorphism of 6 -functors from Sh^X'^)^^^ to the category of Bcris^modules en- 
dowed with filtrations and Galois action of Gm ■ 

Proof. Recall that we have an isomorphism D^Jjg(L)®Af,)-Bcris — DcSl^) filtered as Ox^OMQ-^crh 
modules endowed with filtrations and Galois action of Gm- Due to 13.151 it suffices to show that 
the natural map 

7[: Kris{X/Mo,B:i.,,ih)) ®Mo 5cns ^ Hjji, (X^*, Df,Ts(L)) 

is an isomorphism of -Bcris^modules endowed with filtrations and Galois action of Gm- It is clear 
that 7l is i?cris^linear and that it is compatible with G^-action. Let D(L) be a Frobenius crystal 
on X whose generic fiber is B'^li.i'L). Then H^^i,(X/Mo, B'^li,(L)) = H^^ig(Xfc/OM„, D(L)) [p-^] as 
Mo-vector spaces with filtration and Frobenius. In particular using the definition of the filtration 
and of Frobenius on H^j^(X*'*, D^^°(L)) we deduce that 7^ is compatible also with the filtrations 
and with Frobenius. 

Since Hj,R(X,D(L) ® ^*x/Ok) - (^''*,D(L) ® ^*x/Ok) ^ ^^^^^ C/^-module and A^^is is 
p-torsion free the natural map 

pI: HV(X,D(L) ® n'x/a^) ® (X^*,D(L) ® l^^/o^g^Hs) 

is an isomorphism. Inverting t and using the fact that H* (X'^*,_) commutes with direct limits 
since X is noetherian gives the morphism 7^ which is an isomorphism. We are left to prove 
that Pl is strict after inverting p i.e., that it induces an isomorphism on the various steps of the 
filtrations. 

We first treat the case that i = 2d where d is be the relative dimension of X over Ok and 
L = Zp is the constant sheaf. Then the natural map 

W^^Xk.^Xk/k) — ^ HdR(-^5^XK/x) 

is an isomorphism with filtration FiF = everything for n < d and Fil" 
trace map we have an identification H^'^(X, f^x^/i^) ~ where K{ 

space with Fil^K{—d) = K for n < d and for n > d. 
Since is an isomorphism it follows that the map 

B.\X,n%o^)®AcAP''] ^ {X-\n\,a,®Acri:) [p-'] 



= for n > (i. Via the 
—d) is iiT as a ii'- vector 
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is an isomorphism. The quotient of fi^y^^^C^Fil" '^Acrisi— c?] — ^ ^x/Ok®'^^^"' *^cris is a complex of 
quasi- coherent sheaves with < d — 1 terms so that it has trivial cohomology groups H* for i > 2d. 
In particular Fil" on (^X''^ Vl'^/^^^A^.i,^ is the image of (^X^*, nj^^^^^Fir-'^A^.i,^ . This 

coincides with H'^^X, fi^^^) ® Fil"'~'^ylcris showing that is an isomorphism of filtered A^ns- 
modules. 

In the general case recall that D(L^) = D(L)^ as filtered isocrystals by 13.121 i.e.. the pairing 
provides on filtrations morphisms FirD(L) x Fil''D(L^) FiP+'^Ox- This and the fact that 
pf^ is an isomorphism of filtered modules provides with pairings of filtered modules 

HjiR(X, D(L) ® ^]^/^^) ® H^^-^ (X, D(L^) ® n'^^^J Aeris Acris(-rf) 

pL®Plv-^| II 
W (^X'\ D(L) ® ^]^/0^,gAeris) ® M^'^'' (^X<=S D(L^) ® n-y^^^Acris) A,,i,{-d). 

By [HI Prop. 2.5.3] Poincare duality induces an isomorphism of filtered /T- vector spaces 
}i:,^{X,B{^)®^x/o^)[p-'] ^Hom(Hf-(X,D(L)®fi^/c,,.),ir(-rf)). 



Recall that FirHom (^H^^"^ (X, D(L) O fi^^/^^J, j consists of the /: H2^-^(X,D(L) ® 

^x/O;^) ^(-^) such that /(Fil'^) C Fil'^+" for every h. In particular the pairings displayed 
above give then morphisms of filtered Acris-modules: 

H^j,(X,D(L) ® Q'^/^^^) ® A,,,,[p-'] ^ W (X^\D(L) ® fi;,/o,,§AeHs) b"^] ^ 
^ Hom^_ (e^'^- ((X^\D(L^) r]^/c,^^.§AeHs) ,A„is(-t^)) [p-'] 

Hom^_ (H2^-*(X,D(L^) ® ® Aens,Acris(-f/)) 

such that the composite is pL^^cris- In particular it is an isomorphism of filtered Acris-modules. 
This implies that the first map, which is is an isomorphism as filtered Acris[p~^]-niodules 

as claimed. 

□ 

Let us now assume that L is a crystalline etale sheaf on Xm- For z G Z write Vi := 
II*(X^, L) Qp and Di := W^^{Xk, D^J;jg(L)). Then is a finite dimensional p-adic represen- 
tation of Gm for every i G Z and Vi = unless < i < 2d, where d is the dimension of Xk- 
Similarly, Di is a finite dimensional filtered 99-module over Mq for all i & Z and Di = unless 
0<i<2d. 

Corollary 3.26. We have a canonical commutative diagram with exact rows, referred to as the 
diagram of topological Qp-vector spaces with continuous Gu-action: 

■ ■ ■ )■ Vi — ^ Fil° {^Di ®Mo -Bcris) ^ Di ®Mo Boris — ^ V+i 

I f^i ill II I A+1 

• • • > Ti — ^ Di ®Mo -Bcris > Di ®Mo -Bcris > {Di+1 ®Mo 
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Proof. Consider the diagram attached to L tensoring (|2]) with L and taking the long exact 
sequence in cohomology. We get a commutative diagram of Qp-modules endowed with continuous 
action of Gm whose rows are exact: 

> W{X'^, L) Q, WiX^, L ® Fil°B^^^^_^)) ^ (X^, L ® Ml,,) • • • 

\^ 

^ (X^, (L ® Ml,:) ^^') — > H» (X^, L ® B,^^^) I4 (X^, L ® B,^^^) . • • 

For every 2 G Z we have canonical isomorphisms H*(X7^, L)[l/p] = as (jAJ-niodules by 
|AIl Prop. 4.9]. By theorem 13.151 and proposition 13.251 we have canonical isomorphisms as 
filtered yj-modules, compatible with the GM-action, H*(X^, L B^jJ = Di -Bcris- Put 

T, := ff (X'^, (L ® B^.J'^"^ j . Furthermore the image of the map Qi from (X^, L®Fil°Bj^.^ j^)) 

to ff(X^,L®Bj^.^^)) is Fil° (^HXX^,L ® Fil^Bj^.^^))). To prove the claim it suffices to show 

that Qi is injective. It follows from the above diagram of long exact sequences that the kernel of 
gi is in the image of Vi. In particular it is a finite dimensional Qp-vector space. Since KeT{gi) 
is a i?^jg-module and B^^,, is an algebra over the maximal unramified extension K'^^ of K, then 
Ker((7j) is a /(''^"-vector space. Since KeT^gi) is a finite dimensional Qp-vector space we conclude 
that it must be which proves the claim. □ 

As in corollary 13.261 take L to be a crystalline sheaf. Then its Zp-dual L"^ is also a crystalline 

sheaf on Xk and D^;is(LV) = D^;i,(L)v := Homisoc{x)(Dcris(L), Cxk) where the isomorphism is 

as filtered F-isocrystals on X (or Xf). Let us denote for every i E Z, V* := W{X'j^,Ly)[l/p] 

and by D* := Hjj^(Xi^, D^Jig(L'^)) the GM-representations, respectively the filtered (/^-modules 

attached to L"^. By Poincare duality for etale cohomology and de Rham cohomology respectively 

we have canonical isomorphisms as (jM-representations (respectively as filtered yj-modules) V* = 

^2d-i (respectively D* = D)^^_^.) Let us remark that we have a canonical diagram with exact 

rows attached to L"^, denoted (*lv), which involves V*,D* and in which the maps are denoted 

a* d* 'y* 
1 yt 1 111 — 

Suppose L is a crystalline sheaf on Xfj and assume all the notations above. The idea of the proof 
of Theorem 13.231 is very simple. We prove by induction on j > that D2d--j is an admissible 
filtered yj-module and that Vcns{D2d-j) = V2d-j- Granting this it follows that V2d-j is a crystalline 
representation of Gm and that -Deris (V2d-j) — D2d-j and so we are done. 

Let us first recall a criterion of admissibility from |CFj . In our setting Mq is a finite unramified 
extension of Qp and D is a finite dimensional filtered 99-module over Mq. Let 



5{D): (D B,ri,r=' 



be the natural map. Put K;ris(-D) := Kei^Sci) 



D (g)Mo Be 



Proposition 3.27 ( |CFj ). The filtered ip-module D over Mq is admissible if and only if (a) 
V"cris(-D) is a finite dimensional Qp-vector space and (b) S{D) is surjective. 

Moreover, ifV = V^i.is(-D) is finite dimensional then it is a crystalline representation of Gm 
and Dcris{V) C D. This inclusion is an equality if and only if D is admissible. 
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Proof. Let us first remark that we are in the situation of jCFj . i.e. the natural map 



D '8>Mo Bcris D ®Mo BdR 

Fil°(D ®Mo 5cris) Fi\%D ®M„ 5dR) 

is an isomorphism for every finite dimensional filtered module D over Mq due to the fact that the 
natural inclusion -Bcris — ^ B^r of filtered rings induces isomorphisms on the graded quotients. 

It is proven in jCFl Prop. 4.5] that the Qp-vector space Vcris(-D) is finite dimensional if and 
only if for every sub-object D' (Z D we have tniD') < ti\f{D'). Moreover, it also shown in 
loc. cit. that in this case Kris(-D) is a crystalline representation of Gm whose associated filtered 
V?-module is contained in D. It coincides with D if and only if dimQ^ Vcris{D) = dimM^ D. 

It follows from the proof of of |CFl Prop. 5.7] that, if V"cris(-D) is finite dimensional, then 
dimQp Vcris(-D) = dimMo D if and only if S{D) is surjective. The claim follows. 

□ 



The proof of Theorem \3. 23[ Let L be a crystalline sheaf on Xk and let us consider the part of 
the diagram relevant for j = 0: 



V2d 
{D2d ®M, B 

c 



D2d ®Mo -Bcris 



> {D2d®Mo BcrisY 

Let us remark that 5{D2d) can be seen as the composition 

1^=1 UJ-zd 



1-^ 



D2d ®Mo Be 
D2d ®Mo B 

c 







{D2d ®Nh Y ^D2d ®M,B 

and also that Kei{5{D2d)) = Ker((l - ip): Fil°(D2d 



Coker(72rf) 



D 



Mo -^cris ) > D2d ®Ma ^cris) • It folloWS 

that a2d induces a surjective Qp-linear map V2d — > Ker(5(i52d)) and that 5{D2d) is surjective. 
We deduce from proposition 13 . 271 that D2d is admissible and that we have a Qp-linear, surjective 
homomorphism V2d — > Vcns{,D2d) which is (jM-equivariant. 

Now we look at the part near i = of the diagram 
Prop. 2.5.3] and therefore it is admissible. 



), remarking that Dq 



D^2d by 











;/5o* 

[Dl (g)M„ B, 



Yif{Dl ®Mo B, 

ill 



1-v? 



h-In Be 



Dl ®Mo Be 



It follows that I/q* = Kei{5{Dl)) = V;ris(-Do)- Therefore we deduce that dimQp(\/2d) = dimQ^(Vo*) = 
dimi^(D(5) = dimKiD2d) = dimQ^(V;ris(B'2d)) and hence V2d = Kris(B'2d) and Vq* = KnsPo)- 
This proves our statement for j = for L and j = 2d for L^. 

Let us remark at the same time that as a2d is injective, e2d-i = 0. Since Vq = Vcris(-Do) an 
easy diagram chase shows that Cq = and therefore the map al is injective. Since is injective, 
we can continue with j = 1 along exactly the same lines as for j = 0. By induction Theorem 
[323] follows. 
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